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Abstract

A theoretical study of precedence schemes used in parsing
programming languages is presented. It unifies and generalizes the
schemes of Floyd, Pair, Wirth and Weber; and Colmerauer by defining
the concepts of token sets and operator sets and thenh defining pre-
cedence relations on them, The case in which a precedence scheme
yields the canonical parse is constructively characterized.

It is often necessary to transform a given grammer into a similar
one with some special property. A concept of a cover is introduced to
formalize the word "similar". Grammar G, is said to cover G, if one

can obtain all parses in G, by a simple homomorphism of the parses in

2
Gl' It is shown that every grammar is covered by a normal form
grammer and by an operator normal form grammar but that certain
grammars are not covered by any grammar in Greibach normal form.
Precedence schemes éimply detect the presence of a phrase contain-
ing an operator, they do not detect phrases not containing operators
nor do they explain what production was used to obtain this phrase.
Almost all previous work assumed that productions have unique right
sides. A construction is presented which shows that every context
free grammar may be transformed to an equivalent grammar with unique
right-hand sides. However the resulting grammar is not a cover of the
original. Further, this construction destroys the precedence relations.
In fact precedence grammars with unique right-hand sides are a proper
subset of the set of (1,1) bounded right context grammars.

A central conclusion of this thesis is that the restriction that

the productions have unique right-hand sides should be relaxed. It is
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shown for example that every LR(k) grammar is covered by a simple
precedence LR(k) grammar and every BRC(n,m) grammar is covered by a

simple precedence BRC(n',m) grammar.
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Introduction

Among the many methods for parsing context-free languages, pre-
cedence analysis is especially attractive. It has been studied and
has been applied to practical programming languages‘[l, 2, 3, 5, 12,
14, 187,

Floyd (5] first formalized the idea of precedence analysis by
defining relations on terminal characters. 1In his fheory, the
grammars were not allowed to have A-rules and were required to be in
operator form. Pair [16] and independently Wirth and Weber [18]
generalized the method by relaxing some restrictions and by defining
their precedence relations on the entire vocabulary. McKeeman [1L4]
simplified the work of Wirth and Weber and considered schemes for
reducing the size of precedence tableé. Colmerauer [2] has generalized
this nction by allowing more complex parsers and he‘began to consider
the structure of precedence relations.

The present paper presents a general theory of precedence
analysis which includes all other known schemes. ‘We characterize how
the schemes of Floyd and of Wirth and Weber fit into our theory. We
characterize when Colmerauer‘'s method produces a canonical left to
right parse.

During the course of the thesis some of the results presented by
Fischer (4] were independently obtained. They deal with the relative
power of the schemes of Floyd and Wirth and Weber. We have omitted

these results but strongly recommend that his paper be read in con-

Junction with this thesis.



This thesis is concerned with the use of precedence analyzers in
syntax directed translation of programming languages [187. Tt argues
that a mechanically generated parser must produce a canonical parse
although it may be allowed to ignore productions without semantic
significance. This yields the idea of a "sparse parse'. One grammar
is said to "cover" another if it is possible to construct the sparse
parses in the second from the sparse parses of the first., From the
point of view of a syntax directed translator, being able to parse a
covering grammar is as good as being able to parse the original
grammar,

It is shown that every grammar 1ls covered by a’nofmal
form grammar and by an operator normal form grammar but that there are
grammars which are not covered by any Greibach normal form grammar.

Precedence parsers detect only those phrases which contain an
operator. They ignore phrases not containing an operator and give no
hint how to reduce the phrase. The problem of reduction is quite a
complex one., Almost all published work has ignored the problem by
requiring that the productions of the grammar have unique right-hand
sides. Fischer has shown that if this restriction is relaxed any
context-free language'can be parsed with a simple precedence analyzer.
Conversely, this thesis contains a construction which transforms any
grammayr into an equivalent grammar in which every production has a
unique right-hand side. However these two constructions are
incompatable, since the grammars with both properties are a proper sub-

set of the (1,1) bounded right context grammars.



A central conclusion of this thesis is that every TR(k) grammar
is covered by a simple precedence LR(k) grammar and every BRC(n,m)
grammar is covered by'a simple precedence BRC(n',m) grammar. This
provides an economical reduction scheme in these cases. These facts
are implicitly used by Cheatham [1] and Ichbiah and Morse [127 in

constructing LR(k) parsers.



Section 1

Basic Definitions

We begin with the definition of a context-free grammar with a

delimiter.

Definition., A context-free grammar with delimiter is a L-tuple

G = (V, T P, __LSJ_ ) where
(1) V is a finite non-empty set (vocabulary)

(i1) £ c V is a finite non-empty set (terminal symbols)

(iii) L e v. 1 is called a delimiter.

(iv) SeV -5. Wecall I sl the start string.

*
(v) P is a finite subset(l) of (V-3x)x (V-{]}) andwe
write u + v instead of (u,v) ¢ P, P is the set of

productions.

This family of grammars is a variant of the usual definition of
context-free grammars since Qe need delimiters surrounding strings
generated by the grammars,

Definition. Let p be a binary relation bn a set X, i.c.y

pc X x X. Define

p° = {(asa)]a € X}

(l)Let X and Y be sets of words. Write XY = {xylx e Xy ¥ ¢ Y} where

xy 1ls the concatenation of x and y. Define x° - {A} where A is the
: . * .
null word. For each i > O, define X1+l = XlX and X = 1Yo Xl.
x >

Let X+ = X X and let ¢ denote the empty set., Finally, if x is a
string, let 1lg(x) denote the number of occurrences of symbols in x.
Further for any i > O and 8ny X = 8.8, ...8 3 8,3...58_ € 7 if i > n

(1), _ . 1) SR EO I )
then X = X = %X, If i1 < n then X o= Ayeeety and x '~
a ceed o ) )
n-i+1 n



(o)

and for each(?) 1 >0

i+l i

p =P P
Lastly,

- U

p = p

i>0

and p+ = p*p.

- Next, we can define the rules for rewriting strings.
Definition. Let G = (V, ¥, P, L S1 ) be a context-free grammar
and let u, v e V*. Define u ==2>v if there exist wordss X, Ys W ¢ V*
andAeV—zsothatu:xAy,v:xwandA—swis in P. Ifygz:*,
we write u'—-—ﬁv"’v. Furthermore define
e o (="

#* *
and = . (=) .,
R

R

!

* . *
The string x ¢ V 1is said to be a sentential form if _J‘E)_Lm——zb X,

It is a canonical sentential form if | Sl —=——>x. ot every
R

sentential form is canonical. Consider the grammar with productions

S—=>> AA

A—>a

The sentential form i_aA l is not canonical.
* *
The set L(G) = {x e ¥ |L s_| ===>x} is said to be the language
R

generated by G.

( , D :
(2) The operation is composition of relations which is defined ac

follows: if pC X x Yand g€ ¥ x Z, define po = f (%52} | 2py and
yoz for some y ¢ Y}. Observe that

poc C X x Z.



We now adopt four equivalent but notationally different defini-
tions of derivations. FEach notation has its own advantages and we
shall use the most suitable one in any particular casc.

If ucfzé}‘u1"“*‘...fff?>ur then we say that the sequence
2 A N

(W yuuesu ) 18 a derivation of u fromu . IFfu ">y, T
(o) T r O (o] R 1 N

...f_ff*?’ur the derivation is said to be a canconical derivetion, T
R - )

for each 0 <« 1 < r, if u, = v.,A.w, and u, = V.y.w. and u, is
’ i 17174 i+l Y14 i+l

obtained from uy by using production Ki = A,

5 -+ yi we say that the sequence

of rule integer pairs ((AO -» yo,lg(vo yo)),...,(Ar_I*y}_],lg(vr_l3}_iﬂ)
is a derivation of u, from ue If the derivation is canonical then
the sequence ((no,no);...,(nr_l,nr_l)) is said to be a canonical
derivation of u from u . In this case the n, are superfluous s0 we
alsco let (no,...,ﬂr_l) denote the canonical derivation of ur from uo.
If uO is not mentioned it is assumed that u, = J;SJ_ . Any particular
derivation also corresponds to a labeled directed frae, called the
parse tree. Two derivations are said to be equivaleant if they have
the same parse tree. The canonical derivation of any canonical
sentential form is the canoqical representative of its equivalence
class.

If the sequence (xl,x ,xn) is a derivation, of y from z then

?,.00

(xn,xn_l,...,xl) is said to be a parse of y to z. If the derivation

is canonical the parse is said to be canonical. Further if z is not
mentioned LS.l is assumed.

w - i w A o 60 ( 3 n .

e shall sometimes denote the sequence (no, M , nn) by ‘ﬂl)izo

In a particular derivation of canonical sentential form x, denoted

by a sequence of {rule, integer) pairs ((ﬂo,no),...,(ﬂr,nr)), if

.= (A -+ y) then the occurrence of the substring y in x at position n.



is called a phrase of x, and the pair (nr,nr) is called a reduction
of x. If the derivation is canonical then (nr,nr) is called a handle
of x.

G is said to be unambiguous iff each canonical sentential form
has a unique canonical derivation. This is clearly equivalent to each
canonical sentential form having a unigue handle.

Two fundamental problems associated with context-free grammars
are:

Recognition Problem. Given a context free grammar ¢ = (V, &, P,

*
dsl ) give an algorithm which given any x ¢ ¥ decides whether or not
x e L(G).

Parsing Problem. Given a context-free grammar G = (V, &, P,J_SJ_)

and a string x ¢ g*, produce all the canonical parses of x in G.

Of course, a solution to the parsing problem implies & solution to
the recognition problem since if x k L{G), there will be no canonical
parses of x..

The motivations behind our interest in the parsing probiem are the
connections with syntax directed language translations. In these
schemes, a parser enumerates the nodes of a parse tree of a source
language string.‘ With each such node is associated a (possibly null)
semantic in some object language. The resulting sequence of semantics
is the translated program [18].

The parsing schemes we will be dealing with are collectively known
as "bottom up" schemes. They can be thought of as the iteration of the
following three steps applied to a string x € V.. Initially x will be

. ¥*
in 7 .



(1) find a leftmost phrase, y, of x (detection),
(2) determine the production involved A + y, and output it,

(3) replace y by A to obtain a new x. (reduction) and go to (1).

We shall devote almost all of this thesis to considering canouical
parse. This decision is motivated by the following argument. If one is to
construct a translator by having the parser enumeratz the nodes of the
parse tree and then associate a semantic with each node it is vital
that the person writing the semantics have a clear idea of the order
in which the nodes are going to be enﬁmerated. The canonical parse
corresponds to suffix polish or in the terminology of Knuth, post
order. If the parser does reductions in a random way or a way depend-
ing on the grammar then it may be very difficult to write the semantics.
Specifically if the parser is mechanically'generated it is vital that
it generate the nodes in a uniform way. The following example
illustrates the difficulties which may arise.

Ixample: Consider the grammar

(program) -+ {statement); | (statement); (program)

(statement) -+ GO TO A | GO TO B

Suppose that the semantics of "GO TO A" is "JP A" and similarly for B.
Thus the program

GO TO A;

GO TO B;
has a canonical parse which generates

JP A

JP B



while the noncanoniral parse generates
JP B

JP A

i

Thus a naive choice of grammar and precedence relations can in
fact yield the latter parse. This cannot be tolerated in a fully auto-
matic generator of parsers.

One alternative is possible, build up the parsc tree ir any order
and then traverse it in canonical order. This is esoecially attractive
in some situations (e.r., optimizing compilers)., However this is
quite an expensive way to build a compiler and is appropriatc in most
situations. |

The following are common types of detection and reduction. Fix

G = (V’ E, P, ._IL,S..L,>o

Definition. G is LR(k) detectable iff

; *

if s =§:::¢>xyz has handle (A -y, lg(xy))
) *

and | S == >xyz' has handle (A" »y', J)

and (k>z = (k)z' then J = lg(xy) and y' =y.

Note that A' need not cqual A.

Definition. G is LR(k) reducible iff

if _L_SJNI§§?T;5xyz has handle (A -+ y, lg(xy))
QL.SJWZ§{“”§?xyz' has handle (A' -y, lg(xy))
and (k>z (k)z' then A = A'.

Definition. G is LR(k) iff it is LR(k) detectable and reducible.
That is iff

ir L S,LF=§==:;~xyz has handle (A -+ y, lg(xy)) and
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if s o *xyz' has handle (A' » y', J)

and (k)z = (k)z' then (A' 2 y', j) = (A~ vy, lg(xy)).

Next we deal with the bounded right context property.

Definition. G is bounded right context(n,m), (BRC(n,m)) detectable
ift ir 1 g ‘ﬁff"fi-xyz has handle (A =+ y, lg(xv))

anda | sl *ﬁ"“*“;;x'yz' has handle (A' » y', i)
and x(n) = x'(n) and’(m)z = (m)z' and lg{x'y) < j then j = lg(x'y) and
y' =v.

Definition. G is BRC(n,m) reducible iff

*
if L&E?z>UZMSMMR(A4m1ﬁwD ‘ '
I

»*
and.l_SJ_f§:::?>x'yz' has handle (A' = y, 1g(x'y))

and x(n) - x'(n) and (m)z = (m)z' then A' = A,

Definition. G is BRC(n,m) iff it is BRC(n,m) detectable and

BRC(n,m) reducible. That is iff

*
if .l,SJ_f;=:T¢>xyz has handle (A -+ y, le(xy))

*
41 sl > x'yz*' has handle (A' - y',3")

R

and x(n) = x'(n) and (m)z = (m)z' and 1g(x'y) < j' then (A' + y',j") =
(A~ y, 1g(x'y).

These definitions are variants of the usual ones. Inspec-
tion of Knuths [13] paper shows that the above definition of LR(k)
coincides with his. However our definition of BRC(nm) does not, We
claim his definition is too restrictive sinece he leaves out the clause
"ul(xty) < J'"" in the hypothesis. 'The following yrammar is BRC(O,0) by

our definition but not by his since (A -+ a,3) is not a handle of

_L 8.8._1_.



S ™AA

A >a.

Similarly Feldman and Gries [3] present a definition of boundad right

context grammars with the same error.

. 2\ .
Floyd [5] originally defined BRC(n,m) for A-free srammars'” . He

left out end markers so his definition fails on the grammar
G = (V, ¥ Py 8) (not Lsl)

s >A| ab

A->>a

since by his definition A + a has context set (see below) {{A,A)} so
(A »+ a,1) must be a handle of ab.

The following presentation of his original definition corrects
this, Floyd's definition proceeds as follows.

et ¢ = (V, v, P, L S L) be a A-free grammar and let my n > O
Consider any (A 4 y) ¢ P. The set CC V* X z* is said to be an (n,m

canonical context set for A -+ y iff

(1) for cach (x,z) € C 1g(x) < n and 1g(z) < m,

Ay i Lo R . | *
and (2) ir.l ol }{:f7>XAZ then for some (xl,zl) 60y % 2 6V,
. o ¢
X = X, X, and 72 - 4.7, .
AN 170

The production A 4 y will be said to be of bounded right context

n,m) iff A - y has an (n,m) canonical context set C such that for
' *
any (xsz) e C and any xl, x2, yl, yé, Zl’ z? ¢ V guch that x = xlx?,
Y = Yq¥ss 2= ZqZ,e None of the following fourteen predicates are
*
satisfied for any s, t, uy vy w eV, B e V= 71

* L
(12v) (1 L s ?ﬁ?ti:>sBZVW':f§“?>stxysz and (tx) £ A

3 \ , ER
(B/A grammar G = V, %, P,.L S~L) is A-free if PcC V. x Vv ;,

11



Gty () 'l';;é‘ii ‘1vSLXjnsz . TRy X, YTV and x s

(32m (3 L sl . fr*sthsz"“ g‘*’SthZVW and B £ A

(L2t (W S,L.?fi: "txylﬂsz:v‘ﬁ>stxylyvaw and v, # A

a0 (9 Lo lemeann e ——stomam = Sotaynz,
and Zl £ A

(23") 6) | :z,lfgr:rfi sty B,V —%‘3‘ stxlécpyuzng T n —

(33 (43" (1) L 51 ===Sctay. Bz vw.~-§~:>stxyly9uz2va»?>

stxyz.z.vw and Zq £ A

172
(14*) (8) _L.SJ~:§:::;$SBW27*113>stxysz and v £ A
R
J — * <« '?;:L“’*B roe .
(2h?) (9) 1 sl == ”txl - stxlxgysz and v # A

(34*) (hh") (10)ML,SJWTEQ::;SsthiBW“?:??3>stxylyqsz and v # A.

The numbers in the left margin are the ones given by Floyd in his
paper. Inspection of these predicafes ShOWS‘that in any case the
resulting string is stxyzvw = r.

Cases (1), (P), (3), (4) characterize the case

(a) r has handle (D + q, lg(stxy)) and A £ D or q £ ¥

Cases (5), (6), (7) characterize the case

{®) r has handle (D -+ q,j)’and 1lg(stxy) < j < lg(stxyz)

Cases (8), (9), (10) characterize the casne

(¢) r has handle (D -+ q,j) and lg(stxyz) < J

a, hy ¢ may be abstracted as

r has handle ((D 4 q),3) and Jj > lg(stxy) or g £ v or A £ 11,
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Thus we may rephrase Floyd's definition as A -4 y ir BRCnm}- ifT there

*.
is a context set C for A + y such that V(xoz]) e Cy X, 7,7V

~

if J_kLL o >qu1v7la has handle (R 4+ g,j) and if j > 1g(x

Y]
then (B =+ q,3) = (A -+ y,lg(xpqu>)..

We shall adopt this modifTied version of Floyd's definition in
what Tollows. TFloyd went on to define G to be BRC(n,m) iff each A 4y
in P is BRC(n,m).

Iloyd adopted this form of the definition‘because it made completely
clear that the question "Is G BRC(n,m)?" is decidable. Oince there ic a
great deal of confusion about briefer forms of the definition we prove
that in the case of A-free grammars our definition coincides with Floyd's.

Proposition. Suppose G = (V, T, P,mL.SJ_ ) is a A-free grammar
(Floyd did not define BRC(n,m) on grammars with A rules). Then for any
n, m> 0,G is PR:(n,m) in the Floyd sense iff it is PRC(n,m) in our
sense.

Proof: Suppose G is BRC{n,m) in the Floyd sense. Then supposec

J_ l_ﬁvmw *>xyz has handle (A - v, lg(xy))

*
QL.SJ_TfEfot>x'yz' has handle (A* =+ y',3")

(n) - X'(n) (m) - <m)z'.

and suppose j' > lg(x'y) and x and z Tow A+ y

has an (n,m) canonical context set C. So for some (x],z Ve C,

l/ -
* . (n) (n)
Xys Z, € V. XYZ = X X1¥7,Z,. Since lg(xl) < n, % = x! and
3 *
(m 7 = (m)z'. We have x'yz' = xgxlyz 2 for some xo,z3 e V . TFurther

j' >glx'y) so x'yz' has handle (A =y, lg(x'y)) = (&' =+ y',i") since
A » vy is BRC(n,m) in Floyd's sense. S0 G is BRC(n,m) in our sense.

Conversely if G is BRC(mm) in our sense and & ic A free consider
any (A »y) in P. Tf it is not the case that for some u, v ¢ v

sl ==uAv. ‘Then Ao y vacuously satisfics Floyd's definttion

R



1h

of "RC(n,m). Go assume that

(M) Lel = >xA7}

is nonempty. Clearly it is an (n,m) canonical context sct for A -+ y.

To verify that A » y is BRC{n,m) in the Floyd sense consider any

*

(xl,zl) e C. Then for some X5z, ¢ V

2

—LS_L:T:'T-$XOX Az_ 2 — T %
R 271 R

1%0 o*1Y%1 %0
.x.
Now suppose that for some x3, 23 e V-
oo ng—— t R
Lsl=—> . F9Y21%3 has handle (A' =+ y',j') and j > lg(x3xly).

Then since ¢ is BRC(n,m) in our sense (A' =+ y',j') = (A >y, lg(x3xly>).
So A + y satisfies Floyd's definition of a BRC(n,m) production. Thus
all productions are BRC(n,m) in Floyd's sense so G is BRC(n,m) in
Floyd's sense. .

In passing we mention that one can define Floyd's conqept of
bounded context (n,m) (BC(mm)) as:

For any n, m > O and any grammar G = (v, =, P,.Lsl ), ¢is
BC(n,m) iff

(a) every sentential form has a unique handle‘ (i.e., G is

unambiguous)

and (b) for all x, z, x', z' in V*, A -+7yinP, if

*
..L sl =—=>xAz ——>xyz, and

._LS_L::Z»;x'yz' and if

LGN ORI ¢ S ¢ Y

Then x'Az' is a sentential form.
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We have not found BC(n,m) to be a useful concept in parsing
programming languages since it does not take advantage of the informa-
tion gained by previous reductions. Also does not correspond to the
canonical parse.

These definitions are‘distinct from those given in the literature.
We have chosen them for their relative simplicity. For examply they
allow the following simple proof that BRC(n,m) implies LR(m).

Remark: If G is BRC(n,m) it is LR(m).

Proof: Suppose

8 f,:=??=:§¥xyz has handle (A - y, lg(xy))

. *
_L_sj_::==:::$>xyz' has handle (A' »+ y',3")

R
where <m)z = (m)z'. There is no loss in generality in assuming that
j' > leg(xy) by the symmetry of the problem. Now x(n) = x(n) and

(m)z = (m)z' so ((A-+y), lg(xy)) = ((A* -+ y'),j;) by the definition
of BRC(ny,m). Therefore G is LR(m). .
Similarly we can show that if G is LR(k) it is G unambiguous.

Proof: First we recall that a grammar is unambiguous iff each
sentential form has a unique handle. The definition of LR(k) implies
that every sentential form has a unique handle (take x = y). So

LR(k) grammars are unambiguous. .



Section 2

Normal Forms and Covers

When presented wiih a particular grammar most parsing algorithms
give one of the following answers:
(1) I can parse this grammar,
(2) I can't parse this grammar but, I can parse one "similar"
to it,

(3) I can't parse this grammar.

This section proposes a formal definition of the word "similar".
The development is predicated on the idea that the parser is intended
to drive a syntax directed compiler.

The parsers described so far enumerate all nodes of the parse
tree. For applications, we would be content with a parser which
enumerated only those nodes in the parse tree which have semantic
significance. For example, consider the generation tree of Fig. 1
which occurs in Fuler [16].

The chain(h) expr - ==;&>k is typical of what happens in grammars
for programming languages. Chains éxist to enforce precedence of
operators and to collect several categories of syntactic types.

Example. 1In ALGOL, one has the BNF statement

(statement) : :=(unconditional statement) |

{conditional statement) ]

{for statement)

(u>A derivation zo===$>...::::>zr is said to be a chain if r > O and

z; € V - 3 for each i.

16



A generation from EULER

Fig; 1

17




expr-
//’////’ \\\\\\\\\\\\
7 .
%‘ Rrimary
A var-
Iiy - A
B

(a) A sparse parse of the generation in Fig. 1.

(b) A non-sparse parse of Fig. 1.

18



Chain productions rarely have semantic significance as our
running example shows since in Iuler, only the following productions

have nontrivial semantics.

CXPr- - var « cxpr-
var- -+ \

primary - var

A -+ A

A -+ B

For the purposes of code generation, the "sparse generation tree" of
Fig. 2a is as satisfactory as the tree in Fig..l. The tree shown in
Fig. 2b would not be a satisfactory replacement for the original tree
because some nodes with semantic significance have been omitted.

We must formalize this notion of restricting attention to nodes
with semantic significance.

Definition. Let G = (V, £, P,L s_L) be a context-free grammar
and H be a subset of P, Let MysesesTy be distinct symbols representing
the productions in P. Suppose x is a sentential form and the string

n ...ﬂi denotes a canonical derivation of x. The H-sparse generation
1

of x corresponding to =m, ...m, is o(x, ...7%. ) where ¢ is the homo-
e 11 i, il i,

morphism generated by

“i if ni e H
® (ﬂi) =

A otherwise

Thus m(ﬂi ...ni ) denotes the subsequence of the productions of
1 r

Ty eeeTy which are in H., WNote that we may speak of sparse parses as

il r
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well as sparse generations. Non-canonical sparse generations are
defined analogously.

It is often convenient to transform a given grammar G into a
"similar" grammar G' which possesses some special form, For our
purposes, "similar" must mean, at the very least, equivalence [4]. We
also would like to be able to construct a parse for x in & if we were
given a parse for x in G' because we #ould like to be able to generate
the same code for x in both grammars.,

Definition. et G = (V, £, B, 1 81 ) ana G¢*' = (v', o', P', L 5'L)
be context-free grammars with Hc P and H' ¢ P'. We say that (G,H)

covers (G',H') under a map ¢ from H' into H if

(1) 1(c") = L(c)
and (2) for each x ¢ L{(G),
(a) if m is an H-sparse generation of x in G there is an
H'-sparse generation n' of x in G' so that ¢(n") = x.
and (b) if n* is an H'-sparse generation of x in G' then o(x') is

an H-sparse generation of x in G.

G'is said to cover (G,H) if there exist H' and ¢ so that (G',H')
covers (G,H) under . Finally, if H = P, we say that G' completely
covers G.

The basic idea behind this definition is that if (G',H') covers
(GyH) by @ and if one can construct the H' sparse parse of x in G'
then, using a simple table look up method (with the table of ¢) one
can construct the H-sparse parse of x in G.

Iirf (Gi+1’ Hi+1) covers (Gi’ Hi) under map ¢, for 1 = 1, 2, then
(GB’ H3) covers (Gl, Hl) under map ;9. In other words, covering is

a transitive relation. 'The relation tn reflexive but not symmetric.
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Note that G' is equivalent to G iff G covers (G',p).

The spirit of ourbdefinition of covers is very much like that of
Reynolds [17]. It differs in that we allow sparse generations and in
that Reynolds is more concerned with embeddings éo he does not require
L(G) = L(c").

Covers are also related to isomorphism of grammars, a concept
introduced in a more restrictive way in [7]. We need this concept in
its full generality.

Definition. Tet G = (V, £, P, L 51 ) and ¢' = (V', £', P',Lc'l)
be context-free grammars. G is isomorphic to G' if there exists a map
y so that (G',P') covers (G,P) under y and

(1) there is a one-to-one map ¢ from V' into V so that @A = A

if Aez'or A=2S8",
and (2) Extending ¢ to a homomorphism on V* we require that

(A W) = A pw,

Thus isomorphism requires that G'-parse trees map onto G-parse trees
by a functional relsbelling of non-terminal nodes [7,18].
We will also need some familiar definitions from the theory of
context-free languages [7,11].
Definition. A context-free grammar G = (V, £, P, 1. sl ) is said
to be
(1) A-free if Pc ((V - £) x V) U {(S,A)}
(i1) chain free if PN ((V -3) x (V-3)) = ¢
(iii) reduced if (a) for each A ¢ V, there exist x, y in V* S0
that:3:;é>xAy,
and (b) for each A # S, there exists x ¢ 2* so that

*
A —=—>x,



(iv) invertible if A + x and B - x in P implies A = B
(v) in normal form if Pc (V -3) x ({(AJ UV U (V - 2)2)

* * x*
(vi) in operator form if PC (V -%) x (V - v (V - 2)2 v

(vii) in Greibach form if Pc ((V - £) x zv*)

The following results all appear in the literature (cf. {7,117
unless otherwise referenced.)

(a) G is equivalent to a A-free grammar.

(b) G is equivalent to a chain-free grammar.

(¢) ¢ is isomorphic to a reduced grammar.

(d) If G is a parenthesis grammar then G is equivalent to an
invertible parenthesis grammar [15].

(e) G is equivalent to a grammar in normal form.

(f) G is equivalent to a grammar in operator form [10].

(g) G is equivalent to a grammar in Greibach form [10,12].

These properties may be combined into pairs (i;e., a grammar may
be assumed to satisfy an arbitrary pair of the properties) except that
the pairs (d,e), (e,f) and (e,g) are incompatible,

Our first result extends (d) to the class of all context-free
languages. This result has the following interesting interpretation,
Bottom-up parsing may be thought of as involving two processes,

(1) detecting a phrase and (2) reducing the phrase. It is possible to
do (1) easily for any context-free language using precedence
techniques [4]. If this is done, reduction becomes difficult. On the
other hand, Theorem 2,1 shows that reduction can be made trivial but

detection becomes more difficult.
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Theorem 2.1. For each context-free grammar G = (V, 5, P, L o l)
there is an invertible context-free grammar ¢' - (V', ¢, P', L ol )
so that L(G'") - L(G).

Proof: We may assume, without loss of generality, that G has no
A-rules and that G has no rules of the form A + B. (The case where
A ¢ L(G) may be easily handled.)

Tet G' = (V', 5, P, L 8'L ) vhere V! -z = (uzv-z|ui@u
{5"} where 3' is a new symbol not in V,

"hus the variables of G' (except 8') will Le nonempty subsels of
the variablec of G,

P' is defined as follows:

1. S' > Avwhere Se ACV - g is in P!

2. TFor each production B + xolel...ann in P with Bl"‘ .,Bn e V-L

and xo,..;,xn e 2*, then for each Al""’Ah eV - (U {S"),

P' contains
A onlxl' . .Anxn

where A={clc»xCx...Cx is in P

for some Cl"”’cn with each Ci e Ai}

Thus if C = ¥ Cq¥y...C ¥, With ¥ ,..0sy, € £%5 C. e V - 3, we call the
string yb - yi...-yn the stencil of the production (variables replaced
by dashes). |
Note that P and P' have the same set of stencils and that G' is
invertible., Assume without loss of generality that G' is reduced.
Before embarking on a proof that L(G') = 1.(G), we given an

example of the construction.
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Example: Consider the following grammar

5 -+ OA| 1B
A -+ 07| 0S| 1B

B -+ 1]0

Applying the construction of the theorem leads to the following
granmmar,
{B} -+ 1|0
{A} -+ ofs}|o{s,n}
{A,S) -+ o{A}|o{A,B}|0{A,5}|0(A,5,8}| 1{B}| 1{B,A}|1{B,A,5}|1{B,S}
s' 4 {5}|{4,5}]{B,5}|{A,B,S}
Reducing the grammar leads to

st + {A,s}

{B} - 1o

{A,8} » 0{A,8}| 1B}
Now we begin the proof that L(G') = L(G).

' *
Claim 1. For each A ¢ V' - T and each x ¢ T
*
A =—=—=>>x in G!'
implies
*
B ===>x in G for each B e A .

Proof: The argument is an induction on 4, the length of a

derivation in G'.
*
Basis. Suppose £ = 1. Then A==>x ¢ ¥ in G' and A =+ x is in

P'. By the construction A = {C ¢ V - £|C » x is in P}, Clearly this

holds if and only if B - x is in P for each B ¢ A.
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Induction Step. OSuppose 4 > 2 and Claim 1 holds for all deriva-

*

[od s aQ 3 = [ ———
tions of length less than £. Then suppose A -—beAlxl...Anxn———“% b's
in G' by a derivation of length £. This implies that for each i,

* *
i i <, Ai—::>yi e and xoylxl...ynxn = X. By the construction,

A

for each B ¢ A there exist Bi 1> Ai so that B -+ xolel...ann is in P,
*

Moreover, the induction hypothesis implies that Bi=::>yi in G and

therefore

B _> xole1¢ ) ann @Xo'ylxl. . oynxn = X o

Note that Claim 1 implies that

L(G") < L(G)

To complete the proof, the following resuli; is needed.

Claim 2. For eachx ¢ ©'s let X = {C e V - ZlC":t.—bx in G}.
If B—;*——>x in G then A=.)f—-$x in G' for some A such that B ¢ AC X.

Proof: The argument is an induction on 4, the length of a
derivation in G.

*
Basis. 4 = 1., Suppose B—>x ¢ X 'so B~ x is in P, Then

i

A+xisinP'withBe A={Ce V - g[C +x is in PF}.

, *
Induction Step. Suppose B=>xole1...ann:‘bxoylxl...ynxn =
*
x ey in G is a derivation of length {.
N .
There are derivations Bi=>yi, all of which have length < 4. By
the induction hypothesis, there are Ai ¢ V! - ¥ so that

*

b §
Ai—._:@yi in G

s L
and }3i € Ai. By the construction A - onlxl"'Anxn is in P' with
*
. '_:> LAY s = 'n

Be A, Thus A xOAlxl Anxn::>xoylxl ynxn x in G

By Claim 2, L(G') 3 L(G) and hence L(G") = L(G). |



It is easy to see that this condition is compatible with
conditions (a) through (f) and not compatible with (g). It is
interesting to note that for any grammar G, one can find an equivalent
grammar CG! which is invertible and chain free. On the other hand,
there are grammars G for which there do not exist equivalent grammars
which are invertible, chain free and A-free. An example of such a
grammar is

5 - Ab
A+ ahla

This first result provides an opportunity to exercise the defini-

tion of cover. The grammar G' of Theorem 2.1 does not necessarily

cover G. For example if G is the grammar

S -+ A,B
A-a
B-+a
Then G' is
{S} + {A,B}

{A,B} -+ a
which cannot cover G since it is unambiguous. However the grammar
S -+ AlB
A-+a

B-al

LA

does completely cover G. Gencralizing this result we obtain the

following theorem:



Theorem 2.1A: Lot G = (N, =, P, 1.S |.) be a context-free

grammar. Then G is completely covered by an invertible grammar G'.

Proof: We simply present the construction. TIndex the elements
of N by the intepers 1, 25...5/N1 ., Tet the index ot A ¢ N be denoted
T(A). Let I be a new symbol and construct G' = (N', T, P', | S |)
as follows:

N' N U {1}

il

Pl

I

A+ xLlA+xeP and I(A) =i} U{L~A)

Then (G',H) covers (G,P) under ¢ where H = P' - {L 2 A} and w: H =+ P
is defined by o(A =+ x Li) = (A -+ x) for each A e N, i = I(A),
(A—»xLi)eH. .
This result shows an application of the concept of covers as a
research tool. Perhaps it is useful to explain the genesis of these
results. 2.1 was a generalization of McNaughton's result on
parenthesis grammars [157. The work on covers came later, intuitively
it was felt that the construction should not produce a cover., This
followed from the intuition provided by fhe construction of
Theorem 2.1. However close investigation yielded the result of 2.1A.
It is true that the grammar G in the example above is not completely

covered by any A-free grammar.

Next we turn to a consideration of normal forms and a short

exposition of covers.
Theorem 2.2. TFor each context-free grammar G there is a context
free grammar G' which is in normal form and which completely covers G.
Proof: Let G = (V5 I, P,.J_S_l.) be a context-free grammar and

suppose that [ and ] nre two new symbols not in V. We define a new

27
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context-free grammar G' = (V', £, P', [S]) where

V' =5 U {[y]]A » xy is in P for some y & VZV*}
u{igae v}
The variables of the new grammar arc of the form [x] and there are
only a finite number of them, Define
P, ={[a] »alaex - {1}]

P

2

{[A] » A|A» A is in P}

P3

P, = {{A] » [(Bl[x]]A+Bx is inP for Be V, x ¢ V+}

it

{[A]—o[BJlA»Bis inP for AegV -13%, Be V}

and Py = {[ax] » [A][x][AcV, x ¢ v, [Ax] e V' - %)

Combining, let P' upr

I

5
U Pi and define H' = P2 Uuprp

. We define ¢
i=1 3 b

from H' into P by
@([A] »A) =A- A for each [A] » A in B,
o([A] + [B]) 3
o([A] + [B][x]) = A+ Bx for each [A] + [B]}[x] in P,

1

A + B for each [A] - [B] in P

Clearly ¢ is s one~to-one mP from H' onto P. Consider the (phrase
structure) grammar G" obtained by dropping the brackets in G'. Note
that the rules corresponding to Pl and P5 are identity maps on V* while
all other rules come from P, It is now easy to verify that L(G') =
L(G) = L(G") and that ¢ maps the sparse parses into each other as
required, .
Another type of grammar which can be a cover is the operator
form,

Theorem 2,3. If G is a reduced A-free context-free grammar then

there is an operator grammar G' which completely covers G.
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Proof: Let G = (V, ¥, P, | S_L,) be a A-free grammar. First, we

(5)

define a sequential transducer ¥ = ({qo,ql}, v, V', H, qo) where
V! =VU(@Ex (V-5)) and H ={(q, a5 a5 q_)s (a;5 a5 85 q.),
(qo’ A, A, ql)’ (ql’ A, a(a,h), ql)la €L - {..L}, AeVv-z:}. Or

graphically:

for each a in T - {]} and A in V - £,

Fig. 3

It is glear that S has the following property:

Claim 1., For each x, y in V*,'Squ,x) n Equ,y) £ ¢ if and only

if x = y. The (trivial) proof of Claim 1 is omitted.
*
Thus, Claim 1 implies that for each z ¢ (V) there is a unique
z' such that z ¢ ¥(z'). We call this correspondence ¢ and note that ¢
* *
maps from (V') into V .

Define G' = (V', T, P*'y L 5] ) where P' =P, UP. U P. and
1 2 3

P1={A-by|A-bxis in P and @y = x}

(5)

Cf. [8] for a definition of sequential transducers and their
properties.
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Fo

Py

H

{(asA) + (a,B)y]A+ xisinP, ae £, ¢(By) =%, Be V - 1}

1

{(asA) » y|A+x is in P, a ¢ T, p(ay) = x}

Tt-is-clear from the cons:

ruction of ¢ (i.e., from¥)- that ¢ x is
finite and thus P' is a finite set of productions, Also note that G
is an operator grammar because no y in T{x) can contain two adjacent
occurrences of variables.

Define a map ¢ from P' into P as follows:

(1) For each A+ y in Pl’ YA+ y) = Aoy

(ii) For each (a,A) =+ (a,B)y in P

2
W((a,A) -+ (a,B)Y) = A CP(BY)
(1ii) For each (a,A) + y in P3
¥((2s8) +y) = A 4 0p(ay) o
WM a A ) ‘/‘.\ ( ‘ EERE I A SR oy - f/ - tnd i t-

: o

Now, we can start our verification that we have a complete cover.
*

Claim 2, For eacha ey, AeV -3¢, and xe % ,

*
ia)  Aif .A=§§==>ax in G by canonical derivation (ﬂl,...,nn), %, ¢ P

i

*
‘bt then A::§==>ax in G' by canonical derivation (ﬁi,...,ﬂa), ni ¢ P!

.

Y

- e % S
where 1ni = n, for each i, 1 <1 <n 'and (a,A)==§==>x in G' by A

i

"
canonical derivation (ng,...,n;), each ng ¢ P' and wﬂ; = n; for each

i,1<i<n,
Proof: The argument is an induction on n and the trivial basis

is omitted.

Let n; = A; - x, for 1<ig<nandlet x, =u,B Uy...B U where

1 1
B eV Let here B, = x
ui € X 3 € Te et X = uovlul...vmum where i====;>vi el for
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each 1, 1 <1 <m., Thus the sequence (;5...,7 ) factors into

(ﬂlg(ﬂl’l,...’ﬁl,pl),...(ﬂm,l,...,ﬂm,p )) where (ﬂi’l,oo.’ﬁ ) is the

n i’p:i.

*
—_
genfration sequence of Bm_ 19 R V-4l
Voo, R Lo

Consider the productidn ) = Al +u C u' C u' where u' = u_,

for 1 <i<m.

1~ m o] o)
= B> and for each i so that 1 <1 <m:
e (D W (D
If u; = A then uf = v, end C, = ( vy Bi) .
) T _ -
. ooIf u, # A then uf = uy and C,; = B,.
Clearly u Cl 1 +ee Cp u' is in '!'(x ) so Q’(ﬂ') = n,. By the induction
hypothesis, there 1is a canonical derivation (1( l""’“ P ) of
,
i
»
=~ -
Cm-141" R Vmet#d L Cpogyg 18I0V - forl<d sm. If St
‘T‘LN' (--f)«\.‘.‘~w“ C(thwL«Q)pﬁhrwf.' } Ml 2‘ [T 'J" fron A e
is in ¥ x (V - %), there is a canonical derivation (:t l""’ﬂ - ) of
i
(1g(v l))
cm-i-c-l R *V\mul} Further W(:t l""’“i Pi) (:t 1""’“5.,]?1)

! T .t ' ' .
for each i. Thus the sequence % = (“1’“1,1’""“l,pl""’“m,l’""“m,pm)

is a derivation of x in G' from A, . -Note that q{x') (Al x1) and
nh
\y(n' .'j) =%y by the induetion hypothesis. ‘Ihus e,(:t) = (ﬂl,...,n' )
' The second part of the statement follows analogously with the

1
“1 = (a,A) - u(')Cll .;" c u;n where & = ( )x. If u_ = ay,

aezthenu =ywhileu =Aimpliasu =AandCl=(a,Bl). A1l other

0
£,

quantities remain the game in the proof of Claim 2,

modiﬁcation that

Next, we must turn to the converse.
* Hy *
Claim 3, ForeachAe V-3, xe¢I 8&nd ac¢:, if (a,A)=—>x
. : R

P
L. *
in G' by canonical derivation (nl,...,nn) or if A=—">ax in ¢' by

i .
canonical derivation (:tl,. ..,:rn)1 then A —=—=—> ax in G by canonical
R

deriva.ti'on ( qﬂfl Seen ,*ﬂn) .
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The proof of Claim 3 is again an induction. Since it is similer
to the proof of Claim 2, it is omitted.
To complete the proof, we only need to note that L(G) = L(G') but
this follows from Claims 2 and 3. .
As an example of the construction, consider the following
grammar:
I-+D|Ip
D -+ 0[1] 2] 3| 4f5|6[7|8]9

with V - £ = {I,D}. Using the construction, we obtain

I - D| 10(05D) | T1(1,D)] +« +| I9(9,D)

D -+ 0f1]2]---|9
and for each i, 0 <i <9,

(1i,D) = A

Note that the resulting grammar is not necessarily A-free even if the
original one is,

Theorem 2.3 is surprising. It was known [10] that every grammer
was equivalent to one in operator form but the use of the Greibach form
in the construction of the operator form destroyed the structure of the
trées in an essential way as the next result will show.

The previous results are typicel of the kind of positive theorem
which can 5e obtained concerning covers. We can show that not every
transformation yields a cover. For instance, we will now show that
parsing the Greibach normal form G' of a grammar G is of no great help

in parsing G since one must unravel the left recursions,



Theorem 2.4. Tet G be the following context-free grammar:

S -+ s0|s1]o|1

There is no grammer G' = (V', ', P', 1 'l ) in Greibach normal form
such that (G',H') covers (G,F) under ¢ for any H' ¢ P' and ¢ mapping
H' into P, »

Proof: Suppose there is a grammar G' = (V', £°, pt, | S',L.) in
Greibach form such that G' is reduced and there exist H' < P' and ¢ so
that (G',H') covers (G,P) under g.

Claim 1. H' =P'c (V' - %) x (z(v'- 2)7).

Proof: Suppose x € =t and _L_S'J_::€%23>J—X-L. in G' with

canonical derivation n = (ﬂl,...,ﬂn). The H'-sparse generation of =,

t(S)cp(ﬂ') is a P-sparse generation of | x | .

' has the property tha
But then @ (') is a generation of L x| in g. Since each rule of P
contributes exactly one terminal character to x thus n.z_lg(k).
Since each T in P*' contributes at least one terminal character to x
it follows that lg(x) > n. Thus n = 1g(x) and each n, contributes
exactly one terminal character to x, and each n, € H'. Since G' is
reduced it follows that H' = P' and each T, € P' contains exactly
one terminal character. So since G' is in Greibach normal form
P' ¢ N'x N .

Since every production in P' contains exactly one terminal

character, the following result holds.

(5)

If n = (ﬂl,...,un) is a sequence of elements chosen from set Q ang

¢ 1s a partial function from Q into Q'. Then if (ni seeesTy ) is
1 J

the subsequence of members of the domain of @, ¢(x) = (cp(ni Yseons

1
@(nij)) .

33
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n .

* L

Claim 2. For any A in V' - %, x in (V') , A=—=">x in G' if-and
R

Oﬂlﬂ“‘i‘f(a

#z(x) = n.
Next, we partition the variables of V' according to their "self
embedding" properties. Define

+ *
L={AcV' -7z A'==;?$>xAy for some X,y ¢ (V') } ana M = (V' - %) - L.

Finally, define Q as the set of all sentential forms which may be

generated without using productions whose left-hand side is in L, i.e.,
N . )‘.. . N -~ "

* ’ * - ‘ g
Q= {x B (V)| LsL==ox by (4 250008, 4 x)
and A, €M for each i, l<i<n}.
Since the words in Q come from trees of bounded height and hence

of bounded width, we have established the following claim.

Claim 3. Q is finite.

Next, we must obtain more detailed information about derivations
in G'.

* *

Claim 4, For each xe (V') , Aeg V' -, and z ¢ ¥, ; if
_.LS'_L:;—:>_LXAZ_L in G' and #Z(x) = k then there is a y, ¢ =K so
that

* * * *
z{uezlA———a—,—>u}cz{yA}

¥*
Proof': Let.l.S'J_::ﬁ§::xlezlin G' by canonical derivation

(n 2 .. Now ¢ (x U is a generation in G of 1 sw.l for some w ¢ 2*.
i/4=1 17i=1

(6)

*
For each & ¢ V and x in V , let #a(x) denote the number of
occurrences of a in x. Let‘#z(x) = #a(x) so #E(x) is the

aezx

number of occurrences terminals in x.
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First note that lg(w) = n since each production @(ni) contributes
exactly one character to w. Also note by Claim 2 that n = #Z(xAz) =
#E(x) + #Z()\) + 4&2(2) =k + 1g(z). So 1lg(w) = 1g(z) + k. Now suppose
XA =:R——~$u in G' by (n 2

ym T™en | 8'l ===> luz ! inG' by

i’i=n+l"’ R

, . |
(“i)?=1 and @(ni)?zl is a derivation | 8| ::Ef“ﬁ>mluu'w_L = luz L

in G. So since lg(w) = 1lg(z) + k, w = (u(k))z. Thus w uniquely deter-
mines u(k). So Claim U4 is established.

Claim 4 immediately yields:

Claim 5. For each A e L, L(A)(7) has the property that for each
Y2 ¥, € L(A), 1e(y;) < 1e(y,) implies zy, =y, for some z ¢ .

Proof: Since A is in L, there exist x, z ¢ (V')* so that

A ::=;£=>xAz, and because G' is in Greibach form, #Z(x) > 1. Thus the
R :

number of occurrences of terminals which may preceed A in a sentential
form 1is unbounded. |

By Claim 4, we have shown that for any n > 0O, there exists Yy € z*,
lg(yA) =n andiz(A)<: 2*{yA}. Note that all strings of length less than
n in L(A) are suffixes of Yy

To see that the claim is satisfied, let Yy ¥ be in L(A) and let
n = lg(yé) Z.lg(yi)- By the above there exists y e z*, 1lg(y) = n so
that y = X,¥, = X,¥, for some x; ¢ E*. Since lg(y) = lg(yi) it follows
that xl = A and yl = xzyé for some x, € 2*.

2
Our last formal claim is set theoretic in nature.

+
Claim 6. I = xkEJQ {xoylxl...ynxnln 20, x =X AXy...A X,

»*
xieE ’ Aie L, yi eL(Ai)}

(7)

* *
For each A ¢ V, L(A) = {x ¢ T |A=o2x]}.
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Proof: Recalling that L(S') = L(S) = 5* we have that

xLeJQ {xo} L(Al){xl}"‘ L(An){xn}

X=X ce A X
o nn

=t = 1(sY)

]

*
U {xoylxl...ynxn|n2 O, x; e » A; e Ly

X € Q
vy € L(Ai)}

*
eZ,AieL,and

Iet x be in Q, x = onlxl...Anxnx, n> 0, :»ci

let kx = #E(x) . Let j be any positive integer and define m = kx + J.

Denote by(8) Part(j), the set of all partitions of j. ILet

i
T = zm :_._—fﬁz = (L( )ﬂzl)...
Xy J {Z € IX } (j_l,,,.,inLJ)e Part(j){xo} Al
x
i
(L(An) ng r]"){xm }.
X

Since |L(A,) N '] <1 by Claim 5,

n -1
lTx,jl S Z 1 = |Partn (,j)' < Cj X

X

(il,o..,in )€ Partn (,j)
X X

for some constant c.
Let k = max {kxlx ¢ Q) and n = max {nxlx € Q}. Clearly k and n

exist since Q is finite by Claim 3. Now by Claim 6,

(8) ' :
g ¥ e+

=y and each i, > O. A partition (il,.._,ir) with each i,j > 0 is

If j > O we say that (il,...,ir) is a partition of j if i

said to have r parts. Let Partn(j) be the set of partitions of j
into exactly n parts. It ic well known that |Part (§)| < ci®? for

some ¢ > 0,



i

* »*
{y € T |x==>y for some x ¢ Q}

U {y e z*lngy}
X € Q

i

x g Q 1=0
o k .
i
- .. ulJ s
U, Ui, v Y
So for 1 > k we conclude
i '
z = U I‘X,i_k
X € Q X
S0 ]21| - ot < % c(i--k.x)nX < E ci®
x e Q X ¢ Q
s

L(G).

Thus the theorem has been established,

n
<c'i .,

But for large i,

* *
. This contradiction shows L“J {ylx:===$>y} #7% so
XxeQ
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Section 3

Phrase Detection

The key to giving a generalized theory of phrase detection
through precedence analysis is in the following definition.

Definition. et ¢ = (V, &, P, L. 8 L ) be a context-free grammar.
A set TC V is said to be a token set for G if

(1) zcrT

(2) For each A e T, it is not the case that A===1

%
(3) For each A ¢ Ty B ¢ V, A=——>B implies B e T,

The definition of token set is quite weak. Tokens must never
completely disappear (i.e., generate a string which does not contain
a token) and every terminal character must be a token.

It is clear that the token sets of a grammar G form a sublattice
of the lattice of all subsets of V., This lattice has minimal element
T, maximal element M = {A ¢ VI not A:—i—;‘ﬂ\}, and for any RC V, R may
be extended to a token set by adjunction of more elements if and ohly
if ¥ € Rg M. For the latter case, the minimum token set over R will
be {A ¢ V|B===>A for some B ¢ R}.

Tt will turn out that a token set must satisfy a stronger
property (i.e., be an operator set) for precedence analysis to succeed.
This is related to the "binding" between operators and operands which is
enforced by precedence relations.

Definition. Let G = (V, £, P,.L s1 ) be a context-free grammar
and let T be a token set for G.

(1) T is a Colmerauer operator set (COP for short) if for each x,

*
yeV; Ay By, CeV; A-+xBCy in P implies Be Tor C ¢ T.



39

(2) T is a Floyd operator set (FOP for short) if for ecach x,

*
yeV ;A By CegV; A-xBCy in P implies Be T or Z.(C) < T where

* *
(@) ={pe V|C==§=:>Dx for some x ¢ V }.

(3) T is a strong operator set (SOP for short) if for each x,

*
vyeV, A B, CgV; A+ xBCy in P implies B¢ Tor C ¢ L.

If T is an operator set (of any type) then the elements of V - T = T
are called operands.
The following proposition is immediate,

Proposition 3.1, ILet ¢ = (V, I, P,_L S_L_) be a context-free

grammar and T a token set for G. If T is a SOP for G then T is a FOP
for G. If T is a FOP for G then T is a COP for G.

It is the concept of a SOP which plays the key role in what
follows., It will be seen that a "canonical precedence scheme" yields
8 canonical sparse parse if and only if the underlying operator set is
a SOP. This will characterize the case in which Colmerauer's precedence
scheme [2] yields the canonical parse and also will unify the precedence
methods of Floyd [%] and of Wirth and Weber [19].

Colmerauer [2] restricted attention to A-free grammars and
- considered a form of a COP. From this, he obtained avnecessary condi-
tion for the existence of a canonical precedence parser. Our approach
yields necessary and sufficient conditions for the existence of such a
parser. ‘When T=2 or.T = V, the definitions of COP and SOP coincide
but they differ at other points in the semilattice of operator sets.

It is important to observe that one can easily decide if a token

set T is a SOP (FOP) (COP) for a grammar G by examining the productions.



Proposition 3.2 characterizes the difference between these types
of token sets. The following example may be useful in understanding
these definitions.

Example :

S -+ ASA|a

A a
The token sets are:
{a,s5} {a,A} {a,S}] ({a,A,S}

{a,s} is a COP but not a FOP or SOP
{a,A} is a FOP but not a SOP

{a,A,S} is a SOP

At the poles of T = V or T = 5 the concepts of FOP, COP and SOP

coincide as the following result shows.

40
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Theorem 3.1. Let G = (V, I, P,.L.S.L.) be a context-free grammar.
(a) G is an operator grammar
(i) if and only if ¢ is a SOP.
(ii) if and only if £ is a FOP.
(iii) if and only if 3y is a COP.
(b) V is a token set for G
(1) if and only if V is a COP.
(1i) if and only if V is a FOP,
(iii) if and only if V is a SOP.

(iv) if and only if G is A-free.

Proof': (a) If G is an operator grammar then £ is clearly a SOP
and hence a FOP and COP by Proposition 3.1. To complete the proof, it
suffices to show that if £ is a COP then G is an operator grammar. To
do this, note that if ¢ is a COP, then A -+ xBCy implies Be L or C ¢ X
which implies that G is an operator grammar,

(b) If V is a COP then it must be a token set. By Proposition 3.1,
it suffices to show that if V is a token set then V is a SOP. To do
this note that A -+ xBCy implies Be Vor C ¢ V is a tautology. Note
that V is a token set if and only if G is A-free. ' l

Our next result characterizes the distinction between FOP's, COP's
and SOP's. First a new definition is required.

Definition. Let V be any finite set and TC V. A string x ¢ V*

*
is a T-infix string if for each y, z e V 5 Ay B e V, x = yABz implies

Ae TorBe T,
In our applications, T will be a token set of the vocabulary V of
some grammer. Note that T-infix strings are substring closed, i.e., if

uvw is a T-infix string then v is a T-infix string.
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Theorem 3.2. Let G = (V, £, P, L sl ) ve a reduced context-free
grammar and T a token set.

*
(a) T is a SOP if and only if for each x, y ¢ V 5 A, B e V;

_LSL»-—'—:;‘——:beBy implies A ¢ T or B € L.

*
(b) Let G be reduced. T is a FOP if and only if for each x ¢ V ,

*
A sl =——>x implies x is a T-infix string.
R

.,“
(¢) Tinn(mpiramlmﬂyiffm~mmhz“e};:mdmeLmev
exist strings zl,...,zn_1 50 that
Lsl og ===y ()

*
then there exist strings yi ¢ V so that

(i) lsl = yo = :’yn = Zn (%)
(i1) (*) and (**¥) have the same canonical(9) generation and

(11i) each y; is a T-infix string.

Proof of (a): The result is trivial in one direction and a

straightforward induction in the other direction,

*
Proof of (b): Let T be a FOP for G and suppose that_i_SJ_=i§3>z
vhere z is a T-infix string., It suffices to show that if z — z'
R

*

then z' is also a T-infix string. If z ¢ £ , we are done so suppose
*

Z=uAwy, AegV-Z,weZI and z' = pvw., Since T is a FOP, we must

have that v is a T-infix string and then vw is a T-infix string. If

*
¥ = A, we are done so suppose W = xBwith x ¢ V, B g V.

(9)

Condition (ii) mecans that the parse tree of (*) is preserved so
that (**) is a reordered generation of (*). The generation is
reordered in that the variables in z_ are expanded in a different
order though the same productions aré used at the same places.
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Suppose, tor the sake of contradiction, that z' = pvw is not a
T-infix string. We must have that B § T, vw = Cy for some C ¢ V with
C k T because p is a T-infix string (it is a substring of z) and also
vw is a T-infix string. Now C cannot be the leftmost character of w
since C ¢ £ and w ¢ 2*. Thus C is the leftmost character of v and
Ce Z(A).

¥*
Tet the canonical derivation of 1 Sl == paw ve (zo,...,zn).
R

Let i be the least integer so that there exist Yoreees¥,_; SO that

Z5 = Wy, and Zi+j = uyj for j = 0y...on-i. Let E be the leftmost
character of y_, that is y_ = Eyé. [Exists since vw # A). Then

z, = XBEy!. Surely E ¢ V - T because A ¢ /(E) and A ¢ V - £. By the

*
minimality of i, Zyq =W Fw2, with W, € Y and ¥ inV -5, F 4+ w BEwh

3
is in P, x = wywy and yg = w)W,. Since B X Tand T is a FOP, 2Z(E) c T.
But A ¢ Z(E) and C ¢ L(A); so C ¢ Z(E) € T. Thus C ¢ T which
contradicts that C § T. Therefore pvw = z' is a T-infix string.
Conversely, suppose that G satisfies the condition of (b) and
suppose that T is not a FOP for G. That is, there is a production

* *
A -+ xBCy in P with B ¥ T and there is z ¢ V so that C=—==>Dz with
’ R

* *
D § T. Since G is reduced, there is y' in g y ==—==>y' and hence

% .
A “‘;"t>xBCy -——E~—:>xBDzy'. Note that xBDzy' is not a T-infix string.

* *

Since G is reduced, 1ls] = pAv for some u,v € V , so that
* .

sl ——=uxBpzy'v and uxBDzy'v is not a T-infix string. This

contradiction establishes that T is a FOP for G.

Proof of (c): Let T be a COP for G. The argument is an

induction on n where we assume that Zg is any T-infix string so that




hh

with zn 8 T-infix string. We must show that there exist yo,...,yn

so that

with the same parse tree as (1) and each Y3 is a T-infix string.

If n <1, the result is immediate. If z is a T-infix string,

1

*
the induction hypothesis applies to z =====>zn and so the induction

1
extends to zo==§:i‘>zn and finally we take 2, = _L,S_L-. Thus we are
done unless zl is not a T-infix string, l.e., zo = nAwW, z1 = Pvw where
zo'is a T-infix sitring and Zl is not. Thus p and w are T-infix strings.
Since T is a COP for G, we know that v is a T-infix string.

Observe that z, is a T-infix string if and only if.L.zi_L is a

i
T-infix string. Thus, we may assume, without loss of generality that
A A #w. Thus we can write p = u'U and w = Ww' with U, We V. If
v=/A, then A» A is in P which implies that A § T since T is a token
set. Thus Ue T and W ¢ T since pwAw is a T-infix string. Thus if

v = A, then pvw = uw is a T-infix string and we are done. So assume

v # A.

Ilet Zo = uAW = Xoonoxn B.nd Zl = Xl...xj_l Yloo-Yp Xj-'-l“..xm
= Zl"'zm+p-1 where the Xi’Yi’ and Zi are 1n‘V. Note that v = Yi"'Yp'
If 2 is not a T-infix string then there exists i so that Zi-l and

Zi eV~-T, Ifi<jori> j+por j <i< j+p-1 then Zi-l e T or

Zi ¢ T since p, v, and w are T-infix strings. Thus, if Zi- and Zi

1

are not in T, we must have that i = j or i = j+p. The two cases are
similar so we only deal with the case where i = j. Then we have

Zj-l = Xj¥l \ T so that Xj = A e T since zo is a T-infix string.
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* -
The derivation uvw :>zn gives rise to the factorization

* * *
z = u'v'w! where v =—=—>u', v ===2v', and v ==>w', TLet these

derivations be

u = uo:::>...-—:>uq =ut
Vo=V = TV, = v' (1)
WoE W s T W = w!

Since q, r, s < n and u, Vv, W, u', v', and w' are T-infix strings the

induction hypothesis applies and the derivations may be reordered as

u = ug_—'f.o.“-‘“;u' = Uu
- t = t t
vV = vo_-z———>ooo—-$vr =V (2)
and W= w=>,, = =v'

(o] s

where each u:!L, v{ and w:!L is a T-infix string.
Consider the derivation
ulw qu:'L=-'-3>. . o =—=3>uAw'
W Avt=2>, . .==>u'Aw’ (3)

ulvwt=—>,, ., =>u'v'v'

Claim, Each string in derivation (3) is a T-infix string.

Proof: Note that if B e T and y, z are T-infix strings then yBz
is a T-infix string. From this fact and the fact that A ¢ T, we
observe that the following are all T-infix strings:

qui for each i such that 0 <1i

IA
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u'Aw' for each i such that 0 < i <gq.

Thus u'Aw' is a T-infix string. Also recall that u',w' ¢ s so write

u':u.lb andw:cwiforb,cez.
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By a previous remark, uibvi is a T-infix string for each i such
that O < i < r since b ¢ T € T. Therefore uibvi'cw]'_ is a T-infix
string for each i such that O < i < r and this completes the proof of
the claim.

The result now follows from the fact that we have only reordered
the derivation and not changed the generation tree.

Conversely, note that if T is a token set for G and if the
condition holds, then if A <+ x is in P x musf be a T-infix string.

If x = x"BCy then B ¢ Tor C ¢ T since x is a T-infix string but this
means that T is a COP for G. .
The above theorem characterizes the relationships between the
types of operator sets. The COP sets are the direct generalization of

the definition of operator grammar as presented by Floyd [57.
Colmerauver adopted this definition in his work [2]. The FOP are the
generalization of the definition of operator sets which satisfies

the constraint that every canonical sentential form be an infix string.
This constraint is not strong enough for the definition of canonical
precedence scheme. The definition of SOP is exactly what is needed to
satisfy the first part of clause (iv) (b) of the definition of
canonical precedence scheme. In other words it may be stated as: The
operands in the ''neighborhood" of an operator are reduced with that
operator. This is the relatiohship between binding of operators to
operands and the relative precedence of operators. The following
results make this expliecit.

Theorem 3.2A: Let G = (V, ¥, P, L Sl ) be a reduced context

free grammar with token set T. Then T is an SOP iff



*
(¥*) for all x, ¥y, 2e V , Ae N, if

*
Ls L :?T==$> x A z-};3>x y z then

* *
XeVT and 2z e %

Proof: In the forward direction note that z e‘z* trivially since
the derivation is rightmost. Further A ; > since A+ y is in P,
Theorem 3.2(a) showed that if T is a SOP then for any x', z ¢ V*,
A, Bz V, if _L_SJ_::§?:=$ x'"BAz then Be€ Tor A€ 5. The previous
two remarks combine to prove that x = x'B for some Be T, So x € V*T.
Conversély, supposc T satisfics (¥*). Proceed by contradiction.

— *
Tf T isn't an SOP then for somec C € V; Be T; Ae N; uy, vevV,

*
C-+uBAVvVis in P. Since G is recduced there exist x, y, 2 € V ;

¥*
v' ¢ & , such that:

* *
~L_S_L_::::::>x z==—>xuBAvz=——>> xuBAvVv'z
R R R

= xuByv' z.
R

*
But x u BX V T so (*) is contradicted. Thus T must be an SOP if (*)
is satisfied.

Corollary 3.2A: Let G be as above. Then the token set T is a

S0P for G iff

*1 > -
(**) . for every xyz = onlAl...ann where

Lst =====£;xﬂz =:ﬁ;=3>xyz
R

for some 0 <1< j<n

th - ‘oco
en X Ao Ai-l

Yy = XiAi...Aj_lxj

ijj+1"'ann

i}



In order to simplify the presentation in this section, we will
only deal with precedence detection methods which yield the canonical‘
parse. More precisely, this means that we will detect (using
precedence relations) the leftmost phrase which contains an operator.
Repeated application of this detection, followed by reduction, leads
to an H-sparse parse where H = {A » x in P|x k (v - T)*}.

In Section 4, an algorithm for general parsing is given and the
restriction to the canonical case is relaxed.

We now formalize canonical precedence schemes,

Definition. A canonical precedence scheme is a 5-tuple

(G, T, <ep =, «>) where
(1) ¢ = (v, 5, P, L sl) is a context-free graymar.
(ii) T is a token set for G.
(1iii) <<, =, and > are binary relations on T which are pairwise

disjoint.



(1v) for any n> 05 X;5..usX € (V - )5 AsA seensh € T
xs zeVyir sl ;t\»xAz o T AKA X A By the
ruie A -+ y then either
(@ ye (V-1
or
(b) there exist O <i < j < n so that

onlAl"'Ai-l

X

]

y

il

Z = ...an

Ay Xg42tse0 n

with

A A,

T
Ak = Ak for each k such that
+1

i<k« j,'

Further if G is a grammer with SOP T we say G is T-precedence detectable

if there exists relations <., =, .> such that (G, Ty <-y =, >) 15 a

canonical precedence scheme. If T = V we say G is simple precedence

detectable and if T = ¥ we say G is Floyd precedence detectable.

It should be clear (and we shall prove)Athat this definition is an
abstraction of the known precedence methods. Phrase detection will
proceed from left to right by searching for a string of tokens bracketed

by the relations as

Ai-l <. Ai = ese = A o> Aj+l.

Note that operands are ignored. Also note that all of Xy and xj+l must
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be included in y. 'That is all opcrands adjacent to an operator are
"bound" to that operator when it is rcduced. This is a fundamental
assumption of precedence analysis. We have not investigated other
binding schemes.
Section I will explain more precisely how the scheme is used.
Definition. A context-free grammar G = (V, &, P, 1 sl ) is
said to be P-reduced if G is reduced and for each A £ S there exists
X € Z+ so that A %x.
In addition to being reduced, every variable different from S
can produce at least one non-mull word in a P-reduced grammar. It is
easily seen that every grammar has an equivalent P-reduced grammar.
Our next result justifies the definition of SOP's. ;)YP
Theorem 3.3. Tet G = (V, &, P, 1 sl ) ve a P-reduced context k)gﬁ&
free grammar and let T be a token set for G. If (G, Ty <+, = , «>) is
a canonical precedence scheme then T is a SOP.
Proof: Suppose, for the sake of contradiction that T is not a
SOP for G, Then there is A€ Ty By Ce V -3 X, Z € V* so that

C -+ xABz is in P, Tet xABz = U....U  with A=U_  and B=U .
1 i\

' ¥*
Since G is P-reduced, there is y e 2+ and Vgreees¥py € V so that

— P——— Premmcemore- 3 ——, — —
B = Yo = ¥ =>... Y, =Y. Tet Yy = Y'il...Yim for each i,

Let i be the least positive integer such that Y; ¢ T for some j.
dJ
Clearly i exists since Y,=Y € Tt and hence Ynl ez & Ts Since G is

P-I‘educed, there e}(ist Vl’oo.’vne,xl’ooo’xns e V; wlguoo,wn3’

Zl,...,Znu € ¥ so that n2 > 0, and
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sl Z=>v....v W ... mF vy VUl UL Wy .l W
R 1 n2 1 n3 R 1 n2 1 ny 1 n3
TV LV Uy U 2.2 = XX
R 1 n, 1 ny 1 n, n5
We have U = U = A ¢ T. Iet k be the largest integer less than
ng=l - my
s ! S = : i So
nA+ n, such that Xk e T. Since Xl = 41~e T, we know that k exist
*
Now U = B ==—/>>y. so that
n i-1l
B R
Xouo X —m—mX....X Y Y AN/
1 n5 R 1 n2+ n, i-1,1 1—l,mi_l 1 n),
The generation yi_1==R$ y; is by production. Yi-l,q -» Yi,q“‘Yi,q+r

where Y. is the rightmost varisble of y, .. We chose i so that
1’l,q i"l
Y51 contained no tokens and y; ves chosen to contain a token., Let
Yi % be the leftmost token in v and note that q <t < g+r. Thus we
5

have

Xyoo X, 4p Yi_l,l...Yi_l,mi_ ZqeeeZ,

2 A 1 L

@ X1. . .Xn + nA Yi-'l,l. . .Yi"l,q-lYi’q. . ’Yi,q"‘r Yi"l,q_"'l. . .Yi"l’mi_

2

Z -noz = W
1 n,

We claim that

+
Kerds o+ ny Y-1,100 41,041 (V-1 )

*
because k < n,+n, implies Xk+l"'xn +n. € (V- T) and i was chosen

2 A

+
so that ¥, ....Y e (v-D"

i-1,9-
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Since

Furthermore, Y Y contains the leftmost token Yi

i,q-‘. i,q+r ,t.

(G4 Ty <=y =, +>) is a canonical precedence scheme, we have

X <o Y54

and

X

+1n Yi-1,1°""Yi-1,9-1%4,q

I ¢
k+1 nA 5

[because from the definition of a canonical precedence scheme

y=Y = xjAj"'Apxp+l with Aj = Yj,t and hence

isq".Yi’Q+T

Hence X X Y Y = A which

S Bkl n, 4 ny i-1,10 7 -1

contradicts (*). Therefore T must be a SOP for G. I'

It is also possible to obtaln a converse and we shall do this
shortly. Towards this end, we wish to characterize‘which families of
triples of binary relations on T yield a canonical precedence scheme,
We begin by finding minimal relations which must be contained in any
relations which are part of a precedence detection scheme.

Definition. Let G = (V, &, P, L S_ ) be a context-free grammar,
let T be a token set for G, and let H = {A € V|A === A}. We define

binary relations on V as follows:

* *
A = {(AB)]A-+ xBy is inP for some y e V, x ¢ (V- T) }
5 = {(A,B)[A -+ xBy is in P for some y ¢ V*, X e H*}

*
p = {(A,B)|B - xAy is in P for some x ¢ V , y ¢ (V - T)*}

a = {(AB)|C + xAyBz 15 in P for some x, z ¢ V ,
ye (-1 UL, (1)) ul(LD]sén
Y = {(AB)|[C+xAyBz isinP, x, z eV, y e H)
u{(Ls), (8, D1 u{(L, )]s eH.



In order to obtain a converse to the previous result, an inter-
mediate lemma is required.
Lemma 3.1. Let G = (V, T, Py A S,L) be a context-free grammar,
*
let T be a token set for G, and et H = {A ¢ V - L|A ===3A}. For
* - 3 o
any n> 0; A s...,A € V5 if J_SJ_?::=$>AO...An and if i is the

*
least integer so that Ai"'Ah € £ then for any O < j < k < n, we have

* *
(a) if k < i and Aj+1"'Ak-1 e (V- 1T) then (Aj,Ak) e a\
* *
(b) if k < i and Aj+1"'Ak-l e H then (Aj’Ak) € Y8
* 0
(¢) if i <k, j> 0, and Aj+1"'Ak-l € H then either

(Ayshy) € p*ys* or A ...A =lsl,

*

Proof: Let m be the number of steps ind s 1. =::¢>A.o...An and
the argument will be an induction on m.

Basis: m = O. Then we have | S 1 = AAA, so that n =1 =2.
If k =1 then j = O and we are in cases (a) and (b) and we have

* *

(L,8) e (@x) n (y6 ). If k =2, then (a) and (b) are satisfied
vacuously and (e¢) follows since AbAlAP =lsl .

Induction Step. Suppose that )

Lslt -——é"——-———:mo.. A

R
=§:=$AooooAi_gBootonAiconAn = Cocnocq

Let i' be the least integer such that Ci"”cq € E* and assume the
induction hypothesis holds for Ao...An. Note i' < i. We establish
(a) and (b) simultaneously. If k < i-1 or i+p < j then (a) and (b)‘
follow from the induction hypothesis. Suppose that i-2 < j < k < i+p

(i.e., both operators in Bo...Bp), then since (Ai—l -+ BO...BP) e P



( )*‘1' (C.sC.) e acC N
C Ck—l e (V-T implies 520y € cC o

j+lo¢c

* . *
while Cj+l"’ck—1 e H implies (Cj’ck) eEyYCYs .

Furthermore, since i' < i < i+p, we know that if i+p < k then i' < k

so that k £ i' and so (a) and (b) are vacuous in this case., Thus the
only remaining case is where j < i-2 < k < i+p. If Cj+1"'ck-l € (V-T)*,
we see that (a) of the induction hypothesis implies that (Cj,Ai_l) e aX*.
By the definition of A, we have (Ai_l,Ck) € A. But this implies

((:‘1,(‘,;{) € (x)\*. Ir (:,1+]"'Ck—] € H‘“, {then (B) of the dnduction hypothesis
implics that (CJ’A1—1> € Yb*. Morcover, the definition of § yields
(Ai—l’ck) ¢ 5 and hence (Cj’ck) e y6%. Thus the induction has been
extended.

Next, we consider (é). The induction hypothesis holds if

. - . - * » L)
j> i+p. If i-2 <« j < i+p < k then Cj+1"‘ck—l e H implies ijAi—

because HC (V - T). By the induction hypothesis, either

1

(A. 15C.) € py6 which implies (C.»C.) e pws s or LS1 = A AA_ i
i_l,kepyé which implies j,kepy5,or S =OA121n
which case the result also follows easily.
If i-2 < j < k < i+p then (¢) follows from the definition of y.
s . '] * . .
If j <i-2 <k < i4p then k> i’ and Cj+l"‘ck—1 e H implies
* *
(Cj’Ai-l) e v& by part (b). Also (Ai—l’ck) € § so that (Cj’ck) € v6
cpyd.
The last case is where 0 < j € i-2 < i4p < k. In this case since
*
—-- —' -
Cj+1"’ck-l ¢ H, we have that k¥ = i+p+l = i'. For Ck—l = Ak-p-l € H
and HN £ = ¢ so i' > k and we know K > i+p+l > i,
Next we claim that Ai-l ¢ H since Ai-l -+ Bo"‘Bp with each Br e H.

* *
This implies Br::=:i>A for each O < r < p so that Ai— ———>A. Thus

1

* ) . * %
Aj+l"‘Ai—l ¢ H and by the induction hypothesis (Aj,Ai) = (Cj,Ck)e p Y6
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s =ts i = 1B B L so

unless AoAlA2 _.,_o.l_. In this case, Co...Cq =L Bee By

0 < j<i-2 =0 is vacuous. Thus the induction has been extended for
case (c). n

We now constructively define the canonical precedence relations.
Definition. Iet G = (V, &, P,.j,s<l.) be a context-free grammar

with token set T. The T-canonical precedence relations for G are

defined as
<o = axtn(tx T
o= an (Tx T
¥*,
> = (p*ys ) n (Tx )

The following result is the converse to the previous result and
indicates another application of SOP's.

Theorem 3.4, ILet G = (V, &, P, LSl ) be a context-free grammar
and T a token set. Let <« = <'q? = éT, and > =
(Gy Ty <oy = 5 «>) is a canonical precedence scheme if and only if

(a) <¢y = , and «> are pairwise disjoint
and (b) T is a SOP.

Proof: Suppose (Gy T, <¢y = , «>) is a canonical precedence
scheme. 3By Theorem 3.3, we see that T is a SOP for G and the relations
must be pairwise disjoint by definition.

Conversely, suppose that T is a SOP for G = (V, £, P, L.s1l ) and

let <-T,é p @nd oy be pairwise disjoint. Assume that

1 Sl = xAy =———>xyz | (1)

R R

¥ ¥*
and there exist n> 0, x eV, ze¢ L, Ao,...,Ar1 e T; XyseeesX € (V-T)*

‘ . *
so that xyz = AbxlAl"’ann' We must show that either y ¢ (V - T) or
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. . A . . _ \
there exist i and j with O <1 < j < n so that x = onlAl"'Al—l’ o VOIC’O‘

y—'XA....A oooXA,A

¥541° 2 % 3+1 j+1 j+2 n’ i-1
with 1 < k < j we have Ak = Ak+1’ and Aj .>TAj+l

TA y for each k / 3 )ﬁ )

” -~ .
wet v

Suppose that y & (V - T)*. Then there exist 0 <1 < j <n so

that

Vo= A Xy eV
where wi is a suffix of Xy while wj+1 is a prefix of xj+l' We first
claim that w = To see that, note that x, w' for some

RETR]

w', Note w' ¢ (V - T) since xj+l is,also w' ¢ }3* since w' is a pre-

J+1 X541

. *
fix of z in the rightmost derivation (1). Tus w' e (Vv - T  ng =

I ' — —
{A} since £ ¢ T. Thus w' = A and Wipl = Xje1e

Since A » y is the last production used in (1), it is immediately
clear that Ak éTAk+l for each k such that i <k < j. By Lemma 3.1,

*
part (a), we have that (Ai_l,A) e @\ . From the definition of A, we

*
know (A,A;) e A so that (A; ;58;) e A, Thus A, , <-pA,.

In a similar fashion, (AJ,A) e p. Since Vil = X542 we see that

¥*
= A,j+lz' for some z' ¢ ¥ . Thus, Lemma 3.1(c) implies that

*
)€p+yé. SoA > A

(8,4 T j+1

) *v6". Therefi (A,,A
28541 € pvYd . erefore 5

J+1
thus Aj > A,j+l since >pC >

To complete the proof, we must prove that Wi o= Xy Suppose that
X, = vw;. DNote that if 1g(xi) > 2 then part (a) of Theorem 3.2 is
contradicted. Thus 1g(xi) <2, If X, = A then X; =W, =V = A and we
are done. Suppose that lg(xi) = 1. Then if v = A, we have w, = X,
and we are through. Suppose v = xi and wi = A\, then x' = onl'”Ai-lxi
end xAz is e sentential form. Thus 181 === x'viz with v ¢ V - T
and A ¥ L. This contradicts part (a) of Theorem 3.2 and shows that

Wi # A vhich implies x; = w,. The argument is complete. B
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The previous result justified calling <. , and «>,_ precedence

| ™ =T T
relations, Next, we jqétify calling these relations canonical
Theorem 3.5. Let G = (V, &, P,L s 1) ve a P-reduced context
free grammey with token set T and let <., = , and -> be any three
binary relations on T. (G, Ty <., = , «>) is a canonical precedence
scheme if and only if
(a) <+y = 4, and > are pairwise disjoint,

and (b) <o C <oy . C = and >

C .
T S >

T
and (c) T iz a SOP.
Ir (G, Ty <e, = , «>) is a canonical precedence scheme then so is
(G, T, <oy S >i) .

Proof: Let (G, T, <+y = , «>) be a canonical precedence scheme,
T must be a SOP from Theorem 3.3. By definition, the relations are
pairwise disjoint so it suffices to prove (b).

Let A, B ¢ T and suppose A <, B. This implies (AyB) ¢ @ so that
there are C ¢ V - &3 X, zeV*,ye (V-T)*sothatc-besz is in P,

*
Since G is reduced, there exist u, v ¢ V so that

Lsl =%=>vow > vxAyBzw
R R

By the definition of a canonical precedence scheme, A = B and we have

shown = S =

Suppose that A < B. Then there exist Cy D ¢ V - £ so that
¥*
(AsC) e @ (CsD) ¢ 1 » and (DyB) ¢ A. Note that (A,C) ¢ @ implies that
(10) *
E -+ xAyCz is in P where ye (V-T , while (D,B) ¢ A implies

* ¥*
D - uBv is in P where u ¢ (V - T) . We also have that (C,D) ¢ A

(1O)We omit consideration of the other possibilities (C,A) = (1,8),

ete., as those cases are trivial,
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*
implies C ==—t~=>sDt with s ¢ (V- T) . Since G is reduced, we have

that there exist z', z" ¢ V*

i ¥* ¥*
_L S| ———=>2z'Ez" -‘—',‘bz'xAysz" > Z'XP\VSD'tZZ"
R R R

== z"xAysuBvtzz"
R

* »*
Since y, s, and u are in (V - T) , we have that ysu ¢ (V - T) . Thus

A << B and we have shown that <pE <

*
Suppose that A ->_ B with Aec T and B e £. Then (A,B) ¢ p'ys .

T
*
There exist C, D e V - T; E ¢ V so that (A,C) ¢ p» (C5D) € p »

*
(DsE) ¢ vy, and (E,B) ¢ 6 . First note that (A,C) ¢ p implies C -+ xAy

* * * *
where y ¢ (V - T) while (C,D) ¢ p implies D——>>uCv where v ¢ (V-T) .
R

Since (D,E) € y, we have F = x,Dy,Ez; with y, ¢ H* (which implies

v, —== 7). Lastly, (E,B) ¢ § implies E ==*——'>u1Bu' with w e "
17 R P

% .
(so that W, = A).
R

Combining these results with the fact that G is reduced, we see

that there exist z', z", z, and ué so that

1 s ] =% prpg" == X, Dy, Ezy z"
R R

* . ,
:R_.> z xlDylulBuazlz

| I 1§
:—iﬁz xlDBu Za 2 ::;_:bz xlquBu2 l

:—R? Z xlchvau2 1

Thus it follows from the definition of a canonical precedence scheme

that A -> B.
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Conversely, suppose that (a), (b), and (c) hold for a system
(Gy Ty <oy =, «>), By (a), these relations are pairwise disjoint.
Furthermorc, Theorem 3. and {(c¢) and (a) imply that (G, 7, <o éT’ '>T)
is a canonical preccdence scheme. To show that (G, T, <+, =, «>) is a
canonical precedence scheme we argue as follows. Suppose

¥*
_LSJ_==:===>xAz===*>xyz = A x veoX A as above, Let i,j be as above.
R ol nn

Since (G, T, <eqs éT’ ~>T) is a canonical precedence system, we know
that

Moy <ohy

Ak éT Ak+l for each k so that i <k < j
and Aj > Aj+1’

By (b) we have Ai-l

Therefore (G, T, <+, = , +>) 1s also a canonical precedence scheme.

° » (3 . .> .
< Ai’ Ak = Ak+1 for each 1 <k < j, and Aj Aj+l
Note that if (G, T, <+, = , «>) is a canonical precedence scheme,

then (a), (b) and (¢) hold. So <e .T’ and >

o = are also pairwise

T
disjoint., Hence (G, T, <ems éT, ->T) is also a canonical precedence
scheme by Theorem 3.4, Finally, the proof is complete. II

Corollary. G has a canonical precedence scheme based on token
set T if and only if (G, T, <-T, éT’ ->T) is a canonical precedence
scheme,

It may be of interest to show that condition (¢) cannot be

removed in Theorem 3.5. Consider the grammar with productions

S -+ AB
Aaog

Bab
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Pick token set P={l, a, b, B}. T is a COP and a FOP but not a SOP

since A ¢ V - Tand Be 5, The T canonical precedence matrix is

a o>
b o>
B o>

We will show that this is not a canonical precedence scheme. Congider

dsl="> 1l '—‘:;>_L al
R

We find that 1 <.b and b ~_l ., Therefore y = Ab which is suppcsed to
be the right-hand side of a production but is not.

It is now clear that one can effectively decide if a grammar has
a precedence detection scheme based on T, It is known that each context
free language has a precedence detection scﬁeme (4],

We now relate our study to the special cases given in the litera-
ture. First, it should be noted that the theory developed by Floyd
{5] can be easily extended to include A-rules. Floyd's precedence

relations are defined (using our notation), with token set ¥, as

follows:
<0F = a)\+ﬂ (EXE)
% = an(ExI)
>p = 0N (Zx L)

Now, we summarize the manner in which Floyd precedence fits into our

scheme,
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Theorem 3.6. (G, Z, <o -E-F, ->F) is a canonical precedence
scheme if and only if (G, I, <o é}_,, ->2) is a canonical precedence

scheme. In this case

<ep = <tps Ep o= Ay and >p = S

Proof: Suppose (G, I, <eps é‘F’ ->F) is a canonical precedence

scheme, By Theorem 3.5, (G, &5 <o =.» ->z) is also and we have that

2 T
<-z c <-F,‘ = c =g and ->2 = ">p. By the definitions, it is clear
that <-z = <o and = = & so that we need only show that >p c .>z

(for this, together with ->_ C >p, implies >o = >p). Let A Bel
and suppose that A <> B (i.e., (A,B) ¢ p+a). Thus there exists C e V
so that (A,C) ¢ pT and (C,B) ¢ @ By the definition of ot, we have
CeV -y, Since (C,B) ¢ @, there exists a production E -+ xCyBz with
ye (V- 2)*. 5 is a SOP by Theorem 3.3 so G must be an operator
grammar by Theorem 3,1. Thus y = A which implies (C,B) ¢ y. Therefore
(8,B) ¢ oty c ptys” and so A > B.

Conversely, if (G, %, <-2, éz, ->Z) is a canonical precedence
schenme, ¥ mist be a SOP and the previous argument holds. Therefore
<o =< =2 = =ps and > = >p S0 that (G, &, <ep? 25 ->F) ‘is a
canonical precedence scheme.

The Floyd precedence relations are not exactly the same as the
v -canonical precedence relations since the former are only defined if
v is a S0P for G, i.e., G is an operator grammar, If £ is a SOP then
the two are identical. We chose the rather weak definition of a token
set and from it derived the fact that G must be an operator grammar if

¥ yields a canonical precedence scheme. In this sense Floyd's restric-

tion that G be an opersator grammer was superfluous,
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Corollary. If G = (V, %, P,.L.S_L.) has a I-canonical precedence
scheme, then G is an operator grammar.

We also are able to show that

Corollary (Fischer, Manacher). If G is a Floyd precedence
detectable grammar, then G is equivalent to an invertible Floyd pre-
cedence detectable grammar.

Proof: One need only observe that the standard construction (71,
[11],which deletes the A rules from G leaves the relations p, @, A
invariant and the standard construction which deletes chain rules from
G, [7), [11], leaves <eps ;F; and >n invariant. The resulting grammar
is A-free and chain-free so Proposition 2.1 can be invoked. Inspection
of the construction of 2.1 shows that it leaves p,Q, A invariant. So
the resulting grammar is an invertible Floyd precedence detectable
gramer. II

This is in distinction to simple precedence. Fischer's results
show that Floyd precedence is weaker than simple precedence.
Proposition 2.3 shows that this is not because G must be an operator
grammay since any grammar may be turned into an operator grammar.
Rather the weakness of the Floyd relations lies in ignoring the non-
terminal characters,

Next, we consider the simple precedence methods developed by
Pair [16] and by Wirth and Weber [18] and embed these into our theory.

(11)

Take the token set to be V and then define the simple precedence

relations after Wirth and Weber as:

(11) Recall that this implies that G is A-free.
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-+
<'S = QA
=S = O

It should be noted that the simple precedence relations do not
enjoy the same (left-to-right) symmetry properties as the Floyd
relations.

The simple precedence relations are distinct from the V-canonical
relations. The following grammar exhibits this difference.

S - AB
A2
B+C

C~c

The precedence matrices are:



6L

4 a b S A B C
<o -:—_ <o
o> . '> '>
o>
<o :_— <+
o>
>
The Simple Relations for G
4 oa v s A B c
<e = <o
>
o>
<o é <
o>
o>

The V-Canonical Relations for G
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Thus the simple precedence relations are not minimal in the sense
of Theorem 3.5. We shall now show that these differences are not
critical.

(Vy, =, P,_L.S.l—) is reduced then

I

Theorem 3.7. If G

(Gy V, <y év, ->V) is a canonical precedence scheme if and only if

(Gy V, <eg éq, ->S) is a canonical precedence scheme.
Proof: By 'Theorem 3.5, if (G, V, <eqs 2.» *>,) is a canonical
————— [N 1) e .

precedence scheme, then so is (G, V, <oy év, '>V)'

Suppose that (G, V, <oy év, ->V) is a canonical precedence scheme.

By Theorem 3.3, V is a SOP., Tt suffices to show that <. .S’ and >

8’ = S

. . 2 [l * . .
are pairwise disjoint because <oy = <o, = © —g2 and >y € >g implies

(by Theorem 3.5) that (G, V, < ->S) must be a canonical

s? éS’
precedence scheme.

Since <y = <+  and &, = &y, it follows that <. N &, = @#. Thus
it suffices to show that (<~S U és) N >, = §. Suppose there exists

2
* * *

(A,B) ¢ p+ah and (A,B) ¢ o\ since ah =ox U a = <g U és. Since G
is A-free (because V is a token set) and reduced, there exist b ¢ ¥,

* * * b ¥
z ¢ & so that B=——=>bz. C(learly (B,b) ¢ A and hence (A,b) ¢ p QX

*
and (Asb) ¢ @A . Since the token set is V, note that A =6 and @ = vy.
* * *

Thus (A,b) ¢ @\ and (A,b) ¢ p+dl. = p+y6 . Since b ¢ I, we have

shown that A ’>V b and either

(1) A <oy B
or (ii) A= v
Therefore

(<.u-‘=v) m->v,é¢
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which implies that <-V, év, and,->v_ are not pairwise disjoint. But,
(G, V, <oy év, .>) is a canonical precedence scheme and therefore (%)
contrédicts part (a) of Theorem 3.L. So we conclude that the simple
precedence relations are disjoint if the V-canonical relations are. ll
Pair defined the V-canonical relations in his paper [16].
The assumption that G is reduced in Theorem 3.7 is essential as
the following example shows. G is the following grammar
S - AB|A
A+ ajah
(G, V, <oy év, ->V) is a canonical precedence scheme whose precedence
matrix is given below

1 a s A B

1 <o = <.
a <.

sl =

A >

Bl >

Next we compute the simple precedence relations for G.

A4 a S A B
L <

= <.
a <o = >
S =
Al =




Since A .':S B and A ->¢ B, we know that (G, V, <o

canonical precedence scheme,

s? éS’

->S) is not a

67



68

Section I

Reduction

We now present a general definition of precedence analysis by
relaxing the restriction that the parser must detect the leftmost
phrase. We will require only that it detect some phrase which may be
reduced., We also discuss how the precedence relations may be used to
construct a parser for the grammar. We do this in the spirit of [2].
Colmerauver introduces an automaton which operates on two push-down
stacks using only the precedence relstions between the topmost
operators of the stacks to decide the next step.

Our presentation is made more complex by our desire to define the
relations on any COP and our desire to have the parser explicitly
generate the sparse parse of the input string. In ordér to do that we
need the following preliminary results., Fix grammar

G=(V, £ P, LS 1) and let T be a COP for G, Define

P(T) = {(Ax,y)|[ (A2 x) e H
and x =————§>y by productions in P - H}

vhere H = { (A » x) ¢ P|x % (V- T)*}.

Consider the grammar G = (V, & PT,.i_S L) where
Py = { (Asy) ] (Asx5¥) e P(T) for some x} U {(s,A)|s:$*A e (Vv-~-m)}
This is the standard construction for eliminating chains of operands
and for eliminating A rules from the grammar,

First observe that ’

Lerma 4.1, Let G, T and H be as above. Then for any T-infix string

* . *
X = onlxl"‘anh where X; € (v -1 U{A} and Ai e Ty if x ==>7y by
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m
a generation ((Bi 4z ni))i:_-l where each B, + z, € (P-H) then

(a) ¥y = yoAlyl...Anyn where each y, € (v-1) U {A}

* e
and (b) xi:——:-—:‘:>yi by canonical derivation (Bi 4z, )jil for each
J J o
i, 0<i<n,

Proof: Induct anm. If m =0 the result is trivial, If true
*
for m, consider the case mtl. Let x :_—_>yOA1y1...Anyn under
((Bi -+ zi), ni)?_l. By the induction hypothesis y; e (T)* exist. Now

*
consider (Bm-!-l * 2z nm+1)‘ Since (Bm+l -+ zm+l) k\H, Z . € (T .

- . *

Since T is a COP 2 = A or 2y © T, Now Bm+l % T since Zoa € ()
. . n .

and T is a token set. So Bm-l-l = yj for some j. Thus ('Bi - Zi)izl 1s

*
the derivation x =>yOA1. . 'A,j yjA,j+l' . .yn:>yoA1. “'Ajzm+lAj+l‘ ~Yp

Clearly Zo is a T-infix string since T is a COP. Also A,j’

1
A e T so yOAl...A.z A ce sV is an infix string.

J+l 3 Ml 4l

This new string satisfies (a) and (b). So the induction is
extended. .

Observe that this implies that a T-infix string generates at most
a finite number of distinect T-infix strings using rules chosen from
P-H., In particular note that for any (A + x) ¢ P,{yfx:-—;y by rules
chosen from P-H} is finite, So P(T) is finite and we conclude that Gp
is a grammar.

Our interest in GT is that a precedence analyzer working with
operator set T will produce a parse of x in GT' waever GT covers
{(G,H) so it follows that one can view the parser as producing an
H-sparse parse of x in G.

(11)

Define a two-stack automaton after Griffiths and Petrick:

= (V, |-, F) will be said to be a two-stack automaton if

(11) This automaton bears a strong similarity to the list automaton of
Ginsburg and Herrison [10].



(1) V is a finite alphabet,

*. 1
and (&) b c (v) " is finite. We write

(%) = (x'5y") if (x,y>x",¥") ek,

and (3) Fc V° is a finite set of final states.

The relation  is extended in the natural way:

for each v, w ¢ vif (x3y)— (x',y") then

(v, yw) = (vx',y'w) .
A sequence ((xi,yi))fllz:L such that (xi,yi),L—- (xi+1’yi+l) for
i=1,...,n-1 is called a computation of (Olon (xl,yl) . It is
successful if (xn,yn) e F. Let G, T, P(T), Gp and H be as above and
suppose <+, = , > are three disjoint binary relations on T. Then

(Gy Ty <oy =, «>) is said to induce the two-stack automaton

ot

(Vsb—s F)  where

F {(_Lx,_L)Ix =8 or (S,y:x) ¢ P(T) and

*
y e (V-1) }
and b= is defined by cases:

(i) for each C ¢ T,  (A,C)—(C,A)»

and (i1) for each A, Be T, x ¢ (T) U {A}
(Ax,B)l— (AxB,A) if A <. Bor A =B

and

*
(iii) for ea,Ch n > 0’ A’AO,...,An-"l € T’ Xo,o.-,xn € (V-T)

(onoAl‘ : ‘Anxn’ n+1)l—— (Ao’ n+1)

iff (A,x,onlxl...Anxn) e P(T)

70
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and AO <s A1

and A, = A for 1<i<n

and An > An+1

Note that (i), (ii), and (iii) are mutually exclusive since <., = ,
and > are pairwise disjoint. If (x,y)}— (x',¥') by virtue of (iii) we

say that this is a reduction step.

%
For each | x| € £ and each successful computation, ((xi,yi))l;:l
of Ol started on (L ,x1), we consider the subsequence of reduction

steps
(xi ,yi )}_—_ (xi +1’Yi +1)!’_‘* (xi :Yi )‘—Q (xi +1’Yi +l) !__;* oo
1 1 1 1 2 2 2 2
(xy >¥y N— (x; 15¥: .0)
ik ik ik+l ik+l

We say OV outputs ((Aj -+ 24 lg(x on (L,xl) if

k
ij)),j=l

(xij,yij)l—— (xij+l’yij+l) by virtue of (Aj’zj’wj) e P(T) for each j.

Note that O may output several sequences on (_,[_,x.L) .

We say that (G, Q, <, =, *>) is a precedence scheme if for any

L x 1 e L{G), Ol started on (L,x 1) outputs the H-sparse parses
corresponding to all non~equivalent parses(ls) of _Lx_L in G.

This definition produces a two-stack automaton. For |F| < |P(T)]
and we know P(T) is finite so F is finite. Similarly F— is finite
since (i) and (ii) contribute at most 2 - | V|3 elements tol— and (iii)

contributes at most [V[‘? - IPTl elements to|'~ .

(13) Recall that we defined two parses (derivations) to be equivalent

if they have the same canonical derivation (i.e., same parse tree).
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First we show that the length of any particular successful computa-
tion of Ol started on a string of length n requires a number of steps
linearly proportional to n.

Theorem 4.1. Tet L x 1 ¢ L(G). Then if (G, Ty <+y =, +>) is &
precedence scheme inducing automaton CT\, then ﬂﬁ\outputs at least one
H-sparse parse of x in less than (4|T - z| +5)--1g(x) + 1 steps.

Proof: Let ((xi’yi))2=l be a successful computation of {Jlon
1xl. Suppose it outputs sparse parse ((Ai + 2z ni))§=l. And
suppose the iﬁh reduction uses (Ai’ 25 wi) e P(T).

First we establish the bound p < 2(|T - £|+1) 1lg(x). Observe
that since the computation is successful,

n-1
lg(X) > lg(xlyl) - lg(xnyn) = (lg(xiyi) - ]-g(xi+1yi+l))
i=1
- 3 ...
Note that 18(Xiyi) = lg(xi+lyi+l) if (xi’yi)! (xi+l’}’i+l) by
clauses (i) or (ii) of the definition of Olor by clause (iii) if by

*
virtue of (B,ul,ue) e P(T) where lg(uz) = 1 for some B,u;»u; ¢ V

otherwise lg(x,v,) - 1g(x;,,¥;,1) = l&(u)-1. So lglxy,) - lg(xy) =
n-1

Z (1e(w,) - 1) and 1g(x) > |{160e) - 21e0e) > 2, 1 <4 <7} -
i=1
Also we note that since the parse tree contains 1g(x) occurrences

of elements of ¥,
*
1g(x) > |{w,|w; e (V-2 1 <1<}
So now we count {wi!wi € (V-5), 1 <i<p}. Consider the complete

parse tree associated with the sparse parse. We may assume without loss

of generality that there is no chain A::::SLA.in the tree. So any
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chain contains at most |T - £| operators. Further every (Ai’ Zys wi)
% .
where Wy € (V - £) corresponds to a chain Ai ———-———-—>wi. Each chain in

the tree terminates with a non-chain production, i.e., (Ai’ zi, wi)
where w, ¢ L or lg(wi) > 2. By the above there are at most 2 - 1lg(x)
such chains. So there at most 2 *+ lg(x) chains each containing at

p
most |T - £| operators. So l{wilwi e (T - Z)}izll <2|T - z| 1e(x).
Thus

v = [{wll<ci<cp}] <2(T-z] +1) Lalx).

Now consider lg(yi) - lg(yi_l) . On a reduction step lg(yi)‘ -
lg(yi_l) = +1 and on other steps lg(yi) - lg(yi_l) = -1, Also lg(yn) -
lg(yl) = =lg(x) since that computation is successful. But lg(yi)
increases by one p times and decreases by one (n-1)-p times. The total

change is -lg(x) so
-1g(x) = p - (n-1-p) = 2p-n+l

So n<2p+1g(x) +1. But p<2(|T -z| +1) 1g(x)

so n< (BT-g| +5 lglx) + 1. .
If (G, T, <, = , ->) is a precedence scheme the following flow

chart models the automaton Ol. Initally the string

x e {1} - (LD (L) x = xpx,

S[1:N]. s[I] is the topmost operator of the left stack S[J] the top-

...xn is stored in character array

most symbol of the left stack and S[K] the topmost symbol of the right
stack. The algorithm succeeds if it halts with S{1] = s{J] = 1 ana
either J = 2 in which case we must have S —'———; A

or J

*
3 in which case we must have S ==> S[2]. Since the three
relations are disjoint the only nondeterminancy is introduced by the

REDUCE function.
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JeO
KO
Lel
K « XK+1 > kK =
S[K] « s[IL] <é_jl__<<::::i -
L« I41 | s(L]eT ) o o 1
T
(7] > sft LG = s T & Jekxs
S[J] « s[L]
T F L « I+l
Te SEwesy e smp—t A
F
F
+ Jl- sS[J1] e T
ERROR
> T T
2 s[31]<- s[J]
\__
T
v
J &« J1l
beld REDUCE FAIL
EXIT

S[L] « REDUCE (S{J+1]...S[K])

QUTPUT (PRODUCTION, K)

The algorithm parses S[0]...S[N] if and only if it halts with S{0]
o8] =ywithy =Lslorye L(v-m L u{lL 1} anda Lsk =y,

Fig. 3.
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We next remark that (G, T, <-5 =, «>) is a canonical precedence
scheme iff it is a precedence scheme and its induced automaton outputs
only canonical H-sparse parses.

In the case of canonical precedence Fig. 3 simplifies to Fig, L.
In this case the input stream is read only and there is only one
stack. It corresponds to the classical one-way PDA.

This algorithm will produce canonical H-sparse parses of strings

in L(G).
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J O
KeO
L el
K e Jpe
F
T
[vanT Je~Csto1 = LD
5107 » SID——Er] £ s T KM
s[J] « S[L)
\ Lﬂ
T «Jl }— >{J1 « J-3] &lI<s{L] > i )

F

PR P s[.n] ¢ T> \
FRROR
F
< S[Jl] <. s[aD

- REDUCE FAIL
EXIT

S[J] « REDUCE sfJ]...8[X]
OUTPUT (PRODUCTION, K)

The algorithm parses S[0]...S[X] if and only if it halts with S[0]

«.S8[J] =y with ¥ =lgsl ory el (v-1 1 u {1 13} and leéy.

Fig. k.
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Note that in any case the precedence relations do not detect A
rules or chain rules not involving operators. However it is a
reasonably straightforward process to ignore these rules using the
chain table. The advantage of this was discussed with the definition

of sparse parse.
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One must discuss possible schemes for performing the reduce func-
tion in order to make the discussion of precedence detection complete.
First we discuss a way of storing the set P(T) compactly. Suppose
we construct an |V-T| x (JV-T| + 1) boolean matrix, CHAIN. CHAIN is
indexed by x ¢ (V-T), v & (V-T) U {A} and CHAIN (x,y) = TRUE iff
¥
S oee
x y. Then by Lemma 4.1 given any (A - on,oxlAl Anxn) e P where
Ay e T xg e (V-T) U {A}.
(A,x,y) e P(T) iff y = YA V1A - -A )y, and CHAIN (xi,yi)

for i = 1,..., n.

So given any (A + x) e Pand y ¢ V* if x = X;...X, and y = Que -+ Qy
where Xi and Qj ¢ V, then the following algorithm answers yes or no
to the question (A,x,y) ¢ P(T). This provides a quick way of
enumerating all relevant (A,x,y) e P(T) given y (hash coding of the
A + x table will greatly reduce the number of candidates to be
examined) .

Now even if G is invertible the above algorithm may find more
than one (A,x,y) ¢ P(T) for a particular y. Consider the example

S+ A=BA=C

B+ C

]

Then (S, A =B, A=C), (S, A=Cy, A =C) eP(T) if = ¢ T.

In the case of an ambiguous grammar (like the one above) there is
no hope of eliminating the nondeterminancy. REDUCE must return both
possibilities. So we shall restrict attention to unambiguous grammars.
In particular we shall examine the possibility of having REDUCE choose

between the various members of P(T) on the basis of the context of y.
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T
<ﬁ0 J> N
TeO g
T

Cb He >4C;
J I+l
CHAIN (X[I] ,A) A

NO

S[7] >— dh ST « J+41

x[1)]

T
NO X[I] e T

T

S[3) e T >
F

F
CHAIN (X[J) ,S[I]/

Part of The REDUCE Function

Fig. 5.



We now discuss the possibility of making reduce a deterministic
function. We mentioned earlier that precedence analyzers are commonly
required to be invertible. We will argue from a theoretical point of
view that this is a very strong restriction. 1In particular it is known
(Fischer [h]) that invertible simple precedence grammars are a subset
of the l-state deterministic languages and of BRC(1,1) languages. We
will show that if more powerful reduction algorithms are allowed one
can parse correspondingly more powertul grammars. We shall do this only
for simple precedence since it allows one to ignore A rules. These
results also have implications for more general classes of token sets.

The appendix contains the arduous proof of the following two
results:

Theorem 4,1. Every A-free grammar is completely covered by a A
free normel form gremmar. If the original grammar is LR(k) or BRC(n,m)
or unambiguous, then the resulting grammar is ILR(k), BRC(n+r-l,m) or
unambiguous respectively, where r = max {1g(x), 1|A + x is in P}.

Theorem.h.2.(lh) Every A-free normal form grammer is completely
covered by a simple precedence grammar. If the original grammar is
unambiguous, LR(k) or BRC(n,m) then the new grammar will be unambiguous,
IR(k) reducible and BRC(n+l,m) reducible respectively.

The exact constructions used in these proofs are of limited

practical interest since they cause an explosion in the number of

nonterminals. However they do yield the following result.

Theorem L.3. If G is a P-reduced grammar then G is
covered by a simple precedence grammar. If the original grammar is

unambiguous, or LR(k) or BRC(n,m) then the resulting simple precedence

(lu>This result is a generalization of Theorem 3.4 of Fischer [4].
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grammar will also be unambiguous, LR(k) reducible or BRC(n+r,m)
reducible where r = max {1lg(x)|A + x ¢ P}.

Proof: Follows immediately from 4.1, 4.2 and the transitivity
of covers.

The theoretical and practical implications of this result are
quite interesting. First if each reduction step can he done in a
number of elementary steps which is bounded by some constant then it
follows from Proposition k.1 that the entire parsing algorithm runs in
linear time.

If one accepts the definition of cover as an abstraction of the
idea of equivalence or grammars with respect to parsing, then we conclude
that any A-free LR(k) or BRC(n,m) grammar may be parsed using V-
canonical precedence relations and LR(k) or BRC(n,m) reduction
respectively. There is reason to believe that this is a technique for
drastically reducing the number of "state sets" of LR(k) parsers [1],
137, M1s].
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Section 5

Summary and Conclusions

Section 1 presented a short and relatively simple definition of
BRC(n,m) closely related to the definition of LR(k). Section 2
introduced the concepts of sparse parse and of cover. It developed
several results about covers which showed their usefulness. The most
interesting result was that the Greibach normal form is a very weak
form of cover but the operator form gives a strong cover. It is
interesting to ask whether every LR(k) grammar is covered by a BRC(1,0)
grammar. Knuth showed that every IR(k) grammar is equivalent to a
BRC(1,0) grammar and we conjecture that this can be strengthened to be
a8 strong form of cover.

Section 3 gave a complete characterization of canonical precedence
detection schemes., It did this in the spirit of Colmerauer. However
it is done in greater generality giving both necessarv and sufficient
conditions for the existence of canonical precedence relations.

We have not treated the "higher order" schemes of Wirth and Weber
and of McKeeman which define the relations on pairs of strings of
operators rather than simply on pairs of operators. We mention in
passing that as defined in [18] and elsewhere the (2,2)-precedence
relations for a normal form grammar are vacuous! (The fact that this
error has gone unnoticed for five years is eloquent testimony to the
usefulness of higher-order precedence). The introduction of token
sets smaller than V solves many of the problems which higher-order
schemes also solve., One may wonder at this. Especially since
Theorem 4.3 shows that if one relaxes the invertibility constraint

then every grammar is covered by a simple precedence gremmar. The
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advantages of small token sets are:

(a) They allow A-rules,

(b) They produce a sparse parse,

(¢) They require smaller precedence tables,
and (d) They mey eliminate stratificationglo)

The advantage of (b) was described in Fig. 1. The extra work
required by reducing phrases which contain operands (see REDUCE of
Section 4) is compensated for by the elimination or long chains of
operands with no semantic significance. Of course this requires that
the grammar and operator set be chosen so that any production with
semantic significance contain an operator. Stratification can always
be eliminated by using the construction of Theorem 4.2. But this may
destroy invertibility. It also multiplies the size of the grammar.

The grammar EULER shows the effects of this transformation.

This points out a bane of precedence analysis. Theorem 2.1A shows
that any grammar is completely covered by an invertible grammar and
Theorem 4.2 shows that every grammar is completely covered by a simple
precedence grammar. Fischer [4] shows that requiring both of these
properties yields a proper sub-family of the family of BRC(1,1) languages.
Glven even a simple language (e.g., {x € [a,b}*l#a(x) £ #b(x)}) it is
quite difficult to construct a simple precedence grammar which is also
invertible.

This naturally suggests the possibility of using more general
reduction schemes. Section 4 explored this possibility. It demon-

strated that all LR(k) grammars can be done if IR(k) reduction is

10
( )An operator B is stratified if there is some A so that

(1) A2 Band A<. B

e

or (ii) B~ Aand A > B
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allowed and, all that BRC(k,m) grammars can be done if BRC reduction
is allowed. Section I made heavy use of the concept of a covering
grammar.

Tt also made recourse to the idea of the sparse parse consisting
of those productions of the parse which contain operators.

Section &4t also dealt with non-canonical precedence schemes, It
showed that in all cases these schemes run in linear time. This
Thesis fails to characterize the non-canonical precedence relations.
Colmerauer has had partial success in this direction but it still

remains as an open and very difficult problem.
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Appendix

Theorem 4.1, Let G = (V, &, P, 1 S_1 ) be a A-free context-free
grammar. There exists a grammer G' = (V', &, P',...S'.! ) and a
production set H' ¢ P' so that (G',H') completely covers G where

(i) G' is a A-free normal grammar

(ii) If G is unambiguous then so is G'

(iii) If G is LR(k) then so is G'
(iv) If G is BRC(n,m) then G' is BRC(n+r-1,m) where
r =max {1, 1g(x)|A » x is in P}.
Proof: Define G' = (V', £, P', | [S].L) as follows for each

X € V*, let [x] be a new character. Let
V' =2 U{[A]]A e V} U {[x]|A 4 xy is in P for some x ¢ v, Ve V*}
and define

P, = {{A] » [B]|A ~+Bis in P}

P, = {[A]

Py={(ax] » [A)x]|A eV, xe V', [Ax] e V' -5

P ={fa] » alaez - {1}}

¢

[(B](x]]A+Bx is in P, Be V, and x ¢ V'}

+

We take H' = Pl U P2 and P' = H'y P3 U Ph' A canonical sentential

form x is said to be of

type 1 if (xel T 1) U (L {[a1]a e ')
type 2 if x e L {[A]]A e VI{[x]|x ¢ v V*} T

Claim 1. Every canonical sentential form of G' is either of

type 1 or type 2. If (A + w,j) is a handle of a type 2 sentential

form G', then A =+ w is in P2 U P3.



Proof: The result follows from a straightforward induction on
the length of a generation.

% *
Next, define a homomorphism ¢ which maps (V') into (V) by

y(A) = A
v(a) = a for eachace s
$([y]) =y for each [yl e V' -Z
xy(al...an) = ¢(al)...t(an) for all a;s...5a € V!

Remark 1. Let x be a canonical sentential form of type 1 and let

i be such that O < i < 1g(x). Then

1w (Px) - 1

Remark 2. If x and x' are canonical sentential forms and

* »*
¢(x) = ¢(x') then x =——>x' or x'—>x.
R R

Now we define the map o

o([A] » [B]) =A+B for each [A] -+ [B] in Pl

o(TA7 + [B][x]) = A -+ Bx for each [A] - [B][x] in P,

Claim 2. Let (Ai -+ xi);l_l be the canonical production sequence

in G' of the derivetion

1 s L -;f——:>xA y=——2>xxy = X,...X, with each X, ¢ V'
R n R n 1 k i

%*
If J is the least positive integer so that Xj+1"’xk €X , then

n . .
(a) (cp(Ai -+ xi)>i=1 is a canonical generation in G of ¢(xxny).
(b) If An/* x 1is not in Ph then a handle of V(xan) is

(B + 25 1(¥(xy-.-X)) = L(y0x))

88
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(e) A, »x 1is in P, if and only if XXy is a type 1 sentential
form and *(xxny) has handle (B » 2z, q) where j < q = 1g v(xxn)a
lg(xxn).

Proof: First we observe that

(#) 4f A+ x is not in H' then ¥(A) = y(x).

(#%) if A + x is in H' then o(A =+ x) = (y(8) -+ y(x)).

We now perform an induction on n. For n = 1, the result is
straightforward. For the induction step, assume (a), (b), and (¢) for
n < mand suppose n = m,

If A -+ x 1s not in H' then (%) implies that t(xAny) = w(xxny)
so (a) follows immediately from the induction hypothesis. If A+ x
is in H', then (%) implies m(Ah -+ xn) = (*(An) -+ w(xn)) is in P,

Thus y(xA y) === y(xx_y). Therefore o(A, » x,). . is a canonical
n R n i i73=1

derivation of ¢(xxny) and (a) has been established.

To prove (b), suppose that A 4 x is not in P . IfA -+x is
in H then Q(xxny) has handle (.t\.n 4 X s 1g(¢(xxn))) by (a). By the
choice of H', X, contains no elements of ©. Thus, lg(xxn) < j. Since
the generation is right most, 1g(xxn) > Js and hence J = 1g(xxn) or
XX = Xl...XJ.. Therefore (An X 1g(¢(xl...xj))) is a handle of
w(xxny). On the other hand, suppose An -» xn is not in H which means
that An + X, is in P3. We must have that xAny is of type 2. By
Claim 1, xA y has a handle (B + z, k) where B -+ z is not in P, so that
*(xAny) = t(xxny) has handle (B -+ z, lg(t(xAn))) = (B -+ z, lg(¢(Xl...Xj)))
by the induction hypothesis. Therefore (b) has been established.

To consider (c), suppose that A, +x is in P . Since A = [xn]

* *

and y ¢ £ we must have that xAny is of type 1. Thus x ¢ L {[A]|A ¢ V}

so that xx = 1s of type 1. Now, consider xA y = XI"'Xj[xn]Xj+2'-'xk’



(The string factors this way since xx ¥ = Xl...Xk). The least integer

»*
i such that X X, is in £ must be j+l. Further w(xAhy) = ¢(xxny)

i+1°°°
since ¢(Ah) = w([xn]) = ¢(xn) =x_ € Z. Thus ¢(xAhy) has handle
. . [ [} .
(B-+2z, q). By (b), if XAy = x X,y and A, 4 x s not in P,
then q = 1g(¢(x1...xj[xn])) > j. By the induction hypothesis, if
An-l -+ xn_1 is in Ph then q > j+1 > j. In either event, we have q > j.
Conversely, suppose that XX v is of type 1 end j < q. If An -+ X

is not in Ph’ then (b) yields that lg(w(xxn)) g. Since A x is

not in P\, x ¥ T - {13}. Thus, XX = Xl"'xj’ and since xx y is of
type 1, 1g(¢(Xl...Xj)) = j. Therefore q = j but this is a contradiction
which establishes (c) and completes the proof of Claim 2.

Claim 3. For each canonical sentential form x, there is a unique

type O canonical sentential form x' so that y(x) = §(x') and X — x!,

If G is unambiguous, then there is exactly one canonical derivation of

»*
x =—>x"'.
R

Proof: 1In view of Remark 2, it suffices to show that ¥(x) = y(x').

Let x = X ...Xn and let J be the least positive integer such that

1

¥*
xj+1...xn is In ¥ . By Claim 1, x must be of type 1 or of type 2,

Case 1. x 1s a type 1 canonical sentential form. Let k be the
*
least integer such that Ko ooXs o € {{a]]a € £} and note that k < j.

Define x' = Xl...Xk_l w(Xk...Xj_l) Xj...Xn and note (by inspection of

k

1510 OF

*
P', especially Ph) that x === x' by derivation (Xi -+ w(Xi))
R

course y(x) = y(x'). Since, either k = 1 (which means X = 1) or
X, € V' - &, note that x' is of type O.
We claim that x' is the unique type O string such that y(x') =

¥(x). To see this, suppose that y(x") = y(x) and x" is type O. Then
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1g(x') = 1g(x") = n by Remark 1 and we have x" = Y,...Y and w(Yi) =
¥(X;) for each i, 1 <1 <n. Clearly X ,,...X =Y ,...Y Dbecause

each such X; is either of the form [a] or a. If k =1, we have x' = x"
and we would be done. If k> 1, then X, = [A] with A e V' - £. Since
W(Xk) = *(Yk)’ we have ¥, =X = \y(xk) and because x' and x" are type

' —
0, it follows that X,...X, = Y;...Y, and hence x' = X;...X x@()ck)xk+1
el X = x" is unique.

*
Suppose that there were two canonical derivations of x ———>-x'.

R
*
We already know that if x = =>>y and y is type O with y(y) = y(x) then
R

y = x. Thus the only way that there cen be two such derivations is if

* %*
X = x'=—F x'. But x'—==x' implies xk::-i—:;.xk in G'. By
R R R R

Claim 2, we have y(X,)==2=>y(X,) in G which implies that G is
ambiguous, a contradiction. Therefore the derivation of x :—_—;._t—g>x'

must be unique.

Case 2. x is a type 2 canonical sentential form. By inspection
of P', particularly P3, there is a unique string y so that x —>y.
If y is of type 2, repeat this production. After at most
r = max {1g(y)|A =+ y is in P}-2 steps, a unique string y' of type 1 is

*
obtained. Note that y——=y"' and y(y') = y(x). Now we use Case 1
R

and the claim follows.

Since Case 2 reduces to Case 1 and uniqueness has been shown for

Case 1, then we are done.

n
Claim 4. Let (Ai - xi) 41 be 8 canonical derivation of
»*
18l —=——>xz in G where z ¢ }_.‘* and X ¢ (V*(V - z)) U {A}. Then there
R

*
is a unique type O sentential form yz in G' where y ¢ (V') (V' - %)) U

{A}. Furthermore, there is a canonical generation (Bi - zi)r:zl in G*



